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Course Notes for Sto chastic Pro cesses

by Russell Lyons

Basedon the book by SheldonRoss

These are notes that I used myself to lecture from. A modi�e d version was

handed to the students,which is re
ected in various changesof fonts and marginal

hacks in this version. These things were not in their version. In particular,

certain things were omitted and they were given space to write things that either

were in my notes or on which I expanded in class.

The �rst part of the course is more completeand probably more free of errors

since it was taught last in a more leisurely manner. Possibly the last part has

someout-of-date references.

Prerequisites: Undergraduate probabilit y, up through joint density of continuous ran-

dom variables. You should be comfortable with undergraduate real analysis/advanced

calculus, meaningproofs and \epsilonics", in order to understand someof the derivations,

although you will not have to do epsilonicsyourself. You will be asked to do calculations

as well as derivations in this course. An intro duction to measuretheory is not neededand

will not be assumed,but would add to your understanding if you happen to have had it

or are taking it concurrently .

The textb ook is by S. Ross,Stochastic Processes, 2nd ed., 1996. We will cover Chap-

ters 1{4. Other books that will be used as sourcesof examplesare Intr oduction to Prob-

ability Models, 7th ed., by Ross(to be abbreviated as \PM") and Modeling and Analysis

of Stochastic Systemsby V.G. Kulkarni (to be abbreviated as \MASS"). You do not need

get them. The material of the courseis extremely useful in practice, and also a lot of fun.

We will give examplesthat are designedto illustrate both of these(not always at the same

time).

Gradeswill be basedon weekly homework, two examsto be scheduledoutside of class

if we can �nd times that work for everyone, and a �nal exam.

These notes follow the book fairly closely. In particular, all numbering (such as of

sectionsand theorems) follows that in the book. However, the notes often provide proofs
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that are shorter or more conceptual than the onesin the book. The book tends to pre-

fer proofs that rely on calculation, despite the excellent intuition and concepts that are

intro duced. On the other hand, these notes are sometimessketchy, with more details to

be given in class. (There are blank spacesoften left for you to �ll in details as we go.)

Sometimes,entire chapters are done di�eren tly in thesenotes than in the book.

Occasionally, we needto assignnumbers to equationsthat do not appear in the book.

Thesewill be precededby \N" (for \notes").

Definition of stochastic process. Examples and graphs.5"

Example MASS 1.3 (Single-Ser ver Queue). Here we begin with 2 stochastic pro-

cessesasinput and study several others derived from them. Supposethat the nth customer

arrives at time An and takes time Sn to be served. There is a single server who serves

the customers in the order of their arrival, each until �nished. We want to study Q(t),

the number of customers in the system at time t; the time of departure D n of the nth

customer; and the waiting time of the nth customer, Wn := Dn � An .3"
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Chapter 1

Preliminaries

x1.1. Probabilit y.

The axioms of probabilit y are that there is a \sample space" 
 (or S) containing all

possibleoutcomesand a function P that assignssubsetsof 
 (called \events") a number

in [0; 1] such that

(i) P(
) = 1 and

(ii) if E1; E2; : : : are disjoint events, then

P
� 1[

n =1

En
�

=
1X

n =1

P(En ) :

[Actually , sometimesonly certain subsetsof 
 can be given a probabilit y, but that will not

concernus.]
The axioms imply the particularly useful consequences:

(i) If E � F , then P(E ) � P(F ).1"

(ii) P(E c) = 1 � P(E ).1"

(iii) (subadditivit y) For any events En , we have

P
� 1[

n =1

En
�

�
1X

n =1

P(En ) :

1"

(iv) If P(En ) = 0, then P(
S

En ) = 0. If P(En ) = 1, then P(
T

En ) = 1.1"

Pr oposition 1.1.1. If En " E or En # E , then P(En ) ! P(E ).

Proof. In the �rst casethat En " E , write E as a disjoint union
S

(En +1 n En ). (Seethe

�gure.) When En # E , useE c
n " E c.2"1"
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E1

E2

E

If you 
ip a sequenceof coinsand the nth coin haschance1=n2 of landing H, will you

get an in�nite number of heads? What if the chance is 1=n? To answer these questions,

we prove the Borel-Cantelli Lemmas.

Pr oposition 1.1.2 (First Borel-Cantelli Lemma). If
P

n P(En ) < 1 , then

P(En i.o.) = 0.

Proof. We have

P(En i.o.) = P
� \

n � 1

[

k � n

Ek

�
= lim

n
P

� [

k � n

Ek

�
� lim inf

n

X

k � n

P(Ek ) = 0:

2"

Pr oposition 1.1.3 (Second Borel-Cantelli Lemma). If
P

P(En ) = 1 and f En g

are independent, then P(En i:o:) = 1.

Proof. We have

P(En i.o.) = lim
n

P
� [

k � n

Ek
�

= lim
n

[1 � P
� \

k � n

E c
k

�
]

= lim
n

h
1 �

Y

k � n

�
1 � P(Ek )

� i
� lim sup

n

�
1 �

Y

k � n

e� P (E k ) � since1 � x � e� x

= lim sup
n

[1 � e
�

P
k � n

P (E k )
] = 1:

Draw the tangent line to illustrate the inequality.3"
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x1.2. Random Variables.

A random variable is a function X : 
 (or S) ! R. Its (cum ulativ e) distribution

function (c.d.f.) F = FX is F (x) := P(X � x). Often F (x) := 1 � F (x) = P(X > x)

is useful. We use the notation X � F , especially when F has a name, like Bin( n; p) or

U[0; 1]. When two random variables X and Y have the samec.d.f., we write X D= Y . In

casewe have a collection of identically distributed random variables X i , we often write X

for a random variable with the samedistribution as all of the X i .

If the range of X is countable, we call X discrete ; if the values are isolated, then

FX is a step function. If no value has positive probabilit y, X is contin uous ; this is

the same as saying that FX is a continuous function. The random variable X could

be neither discrete nor continuous. For example, if we 
ip a coin and get H, then set

X := 0; but if we get T, then chooseX � U[0; 1]. What is FX ? If 9f : R ! R such1"

that 8x F (x) =
Rx

�1 f (x) dx, then X is absolutely contin uous [called \continuous"0"
in the book] and f is its probabilit y densit y function . In this case, f (x) = F 0(x)

and P(X 2 B ) =
R

B f (x)dx. Almost always, we will use the case that B is an

interval. Defn for more general B .0"

For two random variablesX and Y , their join t distribution function is FX ;Y (x; y) :=

P(X � x; Y � y). If FX ;Y (x; y) =
Rx

�1

Ry
�1 f X ;Y (x; y) dx dy, then f X ;Y is called the join t

densit y of X and Y .

Note that FX (x) = FX ;Y (x; 1 ). We have that X and Y are independent ( )

8x; y FX ;Y (x; y) = FX (x)FY (y) ( ) 8A; B P(X 2 A; Y 2 B ) = P(X 2 A)P(Y 2 B ).

x1.3. Exp ected Value.

The exp ectation of X is de�ned by E(X ) :=
R1

�1 x dFX (x). However, we shall

only say what this means in two cases: If X is absolutely continuous, then E(X ) =
R1

�1 xf (x) dx. If X is discrete, then E(X ) =
P

x xP (X = x). Give idea of Stieltjes

integral with
R

h(x) dFX (x) to explain notation. It can be shown that1"

E
�
h(X )

�
=

Z 1

�1
h(x) dFX (x)

so that, in particular,

P(X 2 A) =
Z

A
dFX (x) ;

and that E
� P n

i =1 X i
�

=
P n

i =1 E(X i ). De�ne the variance of X as

Var(X ) := E
�
(X � E (X )) 2�

= E (X 2) � E (X )2
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and the covariance of X and Y as

Cov(X ; Y) := E
h�

X � E (X )
� �

Y � E (Y)
� i

= E (X Y) � E (X )E (Y) :

Recall that Cov(X ; Y) = 0 if (but not only if ) X and Y are independent. We have0"

Var
� nX

i =1

X i

�
=

nX

i =1

Var(X i ) +
X

i 6= j

Cov(X i ; X j ) :

In particular, if X i are independent, then Var
� P n

1 X i
�

=
P n

i =1 Var(X i ).0"

If X and Y have a joint density, then it can be shown that

E [h(X ; Y)] =
Z Z

h(x; y)f X ;Y (x; y) dx dy :

x1.4. Momen t Generating, Characteristic Functions, and Laplace Transforms.

We will occasionallyneedthe momen t generating function

E [etX ] =
X

n � 0

E[X n ]
n!

tn :

(Although we will not pay closeattention to when this equality holds, it does in all situ-

ations we will encounter. For example, if the left-hand side is �nite for somet+ > 0 and

somet � < 0, then equality holds for all t 2 [t � ; t+ ].)

Example: Exp(� ).#"1"

Note that

E [X n ] =
� d

dt

� n
E[etX ]

�
�
�
�
t =0

:

1"
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x1.5. Conditional Exp ectation.

Use an example for all the following, such as X the number of the first

die and Y the sum of two dice. Supposethat X and Y are discrete. Then

P(X = x j Y = y) =
P(X = x; Y = y)

P(Y = y)
:

We can regard this as a function of x or of y. As a function of x, it givesthe distribution

function of a random variable since
P

x P(X = x j Y = y) = 1. It is called the conditional

distribution of X giv en Y = y. It has, thus, an expectation,
X

x

xP (X = x j Y = y) =: E [X j Y = y] :

If we regard P(X = x j Y = y) as a function of y, then we may composeit with Y to

get a random variable P(X = x j Y ). We can alsocomposethe function y 7! E [X j Y = y]2"

with Y to get a random variable E [X j Y ]. We have2"

(1:5:1) E [X ] = E
�
E [X j Y ]

�
:

Proof: Write it out.2"

These ideas extend to all random variables. For the casethat X and Y are jointly

absolutely continuous, the density of X given Y = y is x 7! f X ;Y (x; y)=f Y (y) (by Exercise

3, this is a probabilit y density function). Think of this as follows. Note that

f X (x) dx = P
�
X 2 (x; x + dx)

�
;

so that

f X ;Y (x; y)
f Y (y)

=
P

�
X 2 (x; x + dx); Y 2 (y; y + dy)

�
=(dx dy)

P
�
Y 2 (y; y + dy)

�
=dy

= P
�
X 2 (x; x + dx) j Y 2 (y; y + dy)

�
=dx

= P
�
X 2 (x; x + dx) j Y = y

�
=dx :

Equation (1.5.1) holds too:#

E
�

E [X j Y ]
| {z }

function of Y

�
=

Z 1

�1
E[X j Y = y] dFY (y) =

Z 1

�1
E[X j Y = y]f Y (y) dy

=
Z 1

�1

Z 1

�1
x

f X ;Y (x; y)
f Y (y)

dx f Y (y) dy

=
Z 1

�1
x

Z 1

�1
f X ;Y (x; y) dydx =

Z 1

�1
xf X (x) dx [by Exercise3]

= E(X ) :

"2"
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We also want to de�ne E [X j Y ] when only one of X or Y is absolutely continuous.

First, if X is absolutely continuous and A is an event of positive probabilit y, then (it can

be shown using measuretheory that) the function

x 7! P(X � x j A)

is the c.d.f. of an absolutely continuous random variable; its expectation is denoted E [X j

A]. In the other direction, if A is an event and Y is an absolutely continuous random

variable, we de�ne

P[A j Y = y] := lim
� ! 0

P
�
A \ f Y 2 (y � �; y + � )g

�

P
�
Y 2 (y � �; y + � )

�

when the limit exists. When X is discrete and Y is absolutely continuous, this allows us

to de�ne

E [X j Y = y] :=
X

x

xP [X = x j Y = y] :

In all cases,it can be shown that (1.5.1) still holds. In particular,

P(A) = E [1A ] = E
�
E [1A j Y ]

�
= E

�
P(A j Y )

�
:

Also, it follows from (1.5.1) that1"

E
�
h(Y )E [X j Y ]

�
= E

�
E [h(Y)X j Y ]

�
= E [h(Y)X ] :

We can condition on several random variables, too:

E
�
E [X j Y1; Y2; : : :]

�
= E[X ] :

Two random variables X and Y are independent i� the conditional distribution of X

given Y = y is equal to the unconditional distribution of X (for all y).

We now give someapplications of conditioning.

Example PM 3.15 (Anal yzing the Quick-Sor t Algorithm). Given distinct num-

bers x1; : : : ; xn , the goal is to place them in increasing order, that is, to sort them, as

quickly as possible. The quick-sort algorithm works as illustrated in an example: Suppose

that the original list is 10, 5, 8, 2, 1, 4, 7. Chooseone at random, say, 4. Compare 4 to

the others: f 2; 1g; 4; f 10; 5; 8; 7g. Now apply the sameprocedure to the set < 4 and the

set > 4:

! 1; 2; 4; f 10; 5; 8; 7g ! chooseat random from 2nd set, say 7:
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! 1; 2; 4; 5; 7; f 10; 8g ! 1; 2; 4; 5; 7; 8; 10.

The number of comparisonshere was 6 + 1 + 3 + 1 = 11. This is a random \divide and

conquer" algorithm. How well doesit do? The fastest possiblewould be if every time, the

median were chosen;then the number of comparisonswould be

� n +
n
2

� 2 +
n
4

� 4 + � � � (� log2 n terms) = n log2 n :

It turns out that this is quite closeto M n , the expected number of comparisonsin quick-

sort.

To calculate M n , condition on the rank of the initial value selected:#

M n =
nX

j =1

E[number of comparisonsj initial value is j th smallest]P[initial value is j th smallest]

=
nX

j =1

(n � 1 + M j � 1 + M n � j ) �
1
n

= n � 1 +
2
n

n � 1X

k=1

M k :

Thus

nM n = n(n � 1) + 2
n � 1X

k=1

M k :

Substitute n � 1 for n and subtract:

nM n � (n � 1)M n � 1 = 2(n � 1) + 2M n � 1 ;

whence

nM n = (n + 1)M n � 1 + 2(n � 1) ;

which is
M n

n + 1
=

M n � 1

n
+

2(n � 1)
n(n + 1)

:

Iterating gives

M n

n + 1
= 2

X

n � k � 1

k � 1
k(k + 1)

= 2
nX

k=1

h 2
k + 1

�
1
k

i

� 2(2 logn � logn) = 2 logn ;

whence

M n � 2n logn :

Note that 2 > (log 2)� 1."7"
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Example 1.5(e) (The Ballot Theorem). In an election, A receives n votes and B

receivesm votes, n > m. If all orderings of the n + m votes are equally likely, then

P(A always aheadof B ) =
n � m
n + m

:

#

Proof. Let Pn;m be the desiredprobabilit y. Then

Pn;m = P(A always ahead j A gets last vote)P(A gets last vote)

+ P(A always aheadj B gets last vote)P(B gets last vote)

= Pn � 1;m �
n

n + m
+ Pn;m � 1 �

m
n + m

:

Here, we make the convention that Pn � 1;m := 0 if n = m + 1; note that this �ts our

formula nicely, so we needn't consider that caseseparately when we claim that our for-

mula �ts the equation. Note why we conditioned on the last vote, rather than

the first. Now useinduction on n + m.

"4"

Example 1.5(a) (The Sum of a Random Number of Random Variables). Let X i

be i.i.d. (i � 1) and N be an independent random variable with valuesin N := f 0; 1; 2; : : :g.

Let Y :=
P N

i =1 X i .

Examples:

� Queueing: N := the number of customersarriving in a speci�c time period, X i

:= the servicetime required by the i th customer. Then
P N

1 X i = the total servicetime

required by customersarriving in that time period.

� Risk Theory: N := the number claims arriving at an insurance company in a

given week,X i := the amount of the i th claim. Then
P N

1 X i = the total liabilit y for that

week.

� Population Mo del: N := the number plants of a given speciesin a certain area,

X i := the number of seedsproduced by the i th plant.
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To compute moments of Y , we compute the moment generating function:

E
h
etY

i
= E

h
E [etY j N ]

i
:

Now#

E[etY j N = n] = E [et
P n

1
X i j N = n] = E [et

P n

1
X i ] by independence

= E [etX ]n by independence,

where X D= X i . Therefore E [etY ] = E
�
E [etX ]N

�
,

d
dt

E [etY ] = E [YetY ] = E
h
N E[etX ]N � 1E[X etX ]

i
;

d2

dt2 E[etY ] = E [Y 2etY ]

= E
h
N (N � 1)E [etX ]N � 2E[X etX ]2

i
+ E

h
N E[etX ]N � 1E[X 2etX ]

i
;

so

E [Y] = E
�
N E [X ]

�
= E [N ]E [X ] ;

E [Y 2] = E
�
N (N � 1)

�
E [X ]2 + E[N ]E [X 2] ;

and

Var(Y ) = E [N ]E [X 2] +
n

E [N 2] � E [N ] � E [N ]2
o

E [X ]2

= E[N ]Var(X ) + Var(N )E [X ]2 :

"7"

. Read pp. 1--9, 15, 16, 18, and 20--24 in the book.
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x1.6. The Exp onen tial Distribution, Lack of Memory , and Hazard Rate Functions.

Recall that X � Exp(� ) (� is called the parameter or rate ) if it has probabilit y

density function

f X (x) =
�

�e � �x if x � 0,
0 if x < 0.

Thus, F X (x) = e� �x , E [X ] = 1=� , and Var(X ) = 1=� 2. Such a random variable is3"

memoryless:

P(X > s + t j X > t) = P(X > s) for all s; t � 0 : (N1)

2"

Example 1.6(a). A post o�ce has 2 clerks. The customer servicetime is Exp(� ). You

enter and are �rst in line, with both clerks already serving customers. What is the chance

that you will be the last to leave the post o�ce?

#

Solution. Answer: 1/2 by the (strong) memorylessproperty and symmetry (condition on

the time that the �rst customer leaves). The strong memorylessproperty says that if

X � Exp(� ) and Y � 0 is independent of X , then for all s � 0, we have P(X > s + Y j

X > Y) = P(X > s). Prove this by writing the conditional probabilit y as a quotient and

calculate both numerator and denominator by conditioning on Y . E.g., P(X > s + Y) =

E [P(X > s + Y j Y )] and P(X > s + Y j Y = y) = P(X > s + y j Y = y) = e� � (s+ y)

by independence,whenceP(X > s + Y) = E [e� � (s+ Y ) ]. Likewise,P(X > Y) = E [e� �Y ].

Thus, the quotient is e� �s ."2"

Note that (N1) is the sameas F X (s + t) = F X (s)F X (t). Thus, logF X satis�es the

functional equation

g(x + y) = g(x) + g(y) (x; y � 0):

Also, logF X is right continuous (i.e., continuous from the right.) To show that the ex-1"

ponential random variables are the only memorylessrandom variables, we show that this

equation has only the linear solutions g(x) = cx provided g is right continuous. (This

result will be useful later, too.) Here are the steps:

(1) Let c := g(1). Then g(x) = cx for x 2 Q+ .2"

(2) If g 2 Cr (R+ ), we're done. (Here, Cr is the spaceof right-continuous functions, i.e.,

functions that are continuous from the right.)1"

(3) If g is right continuous at 0, then g 2 Cr (R+ ) sinceg(x0 + h) � g(x0) = g(h). This is

enoughfor us sinceF X is right continuous at 0.2"
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For later use,we note that if g is bounded in someinterval [0; � ] (� > 0), say, by M ,

then jg(x)j = jg(nx)j=n � M =n for 0 � x � � =n, whenceg is right continuous at 0.

Exponential as a limit of geometric, which is the discrete memoryless ran-

dom variable.2"

In general,if X hasa probabilit y density function, the failure or hazard rate function

� X (t) is � X (t) := f X (t)=F X (t). Thus P
�
X 2 (t; t + dt) j X > t

�
� � X (t) dt, which explains

the name.

x1.8. Some Limit Theorems.

WLLN. If X i are i.i.d. with mean � 2 (�1 ; 1 ), then for all � > 0, we have

lim
n !1

P
� 1

n

nX

i =1

X i 2 (� � �; � + � )
�

= 1:

SLLN. If X i are i.i.d. with mean � 2 [�1 ; 1 ], then

P
�

lim
n !1

1
n

nX

i =1

X i = �
�

= 1:

CLT. If X i are i.i.d. with �nite mean � and �nite variance � 2, then 8a 2 R

lim
n !1

P
� 1

�
p

n

nX

i =1

(X i � � ) � a
�

=
Z a

�1

1
p

2�
e� x 2 =2 dx :

I.e.,
1

�
p

n

nX

i =1

(X i � � ) ) N(0; 1) :

(Let the random variablesX n have c.d.f. Fn and Y have c.d.f. F . We write that X n )

Y , X n ) F , or Fn ) F if Fn (a) ! F (a) at every a 2 R where F (a) is continuous. This

is called convergence in distribution , convergence in law, or weak convergence .)

We will usethe following generalization only once:
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CLT of Lindeber g. Let X i be independent, Fi := the c.d.f. of X i . Suppose that

E (X i ) = 0, Var(X i ) = � 2
i < 1 ,

s2
n :=

nX

i =1

� 2
i ;

and

8t > 0 lim
n !1

1
s2

n

nX

i =1

Z

j x j� ts n

x2 dFi (x) = 0:

Then
1
sn

nX

i =1

X i ) N(0; 1) :

Note that this is a generalization.2"

Poisson Conver gence (The Law of Rare Events). For any � > 0, we have

Bin( n; �=n ) ) Pois(� )

as n ! 1 . (See Exercise 7 (Exercise 1.3, p. 46).) More generally, suppose that 8n X n;i

(1 � i � n) are independent random variables with valuesin N such that

pn;i := P(X n;i = 1)

and

"n;i := P(X n;i � 2)

satisfy
nX

i =1

pn;i ! � 2 [0; 1 ] ;

max
1� i � n

pn;i ! 0 ;

and
nX

i =1

"n;i ! 0 :

Then
nX

i =1

X n;i ) Pois(� ) :
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Note: There are two special interpretations: Pois(0) means the distribution of the

random variable that is identically 0; and Pois(1 ) meansthe distribution of the random

variable that is identically 1 . In the latter case,to say that random variablesX n converge

weakly to 1 meansthat for all t < 1 , we have FX n (t) ! 0 as n ! 1 .

The Monotone Conver gence Theorem (MCT). If 0 � X n " X a.s., then E [X n ] !

E [X ].

The Lebesgue Domina ted Conver gence Theorem (LDCT). If X n ! X a.s.,

jX n j � Y , and E [Y ] < 1 , then E [X n ] ! E [X ].

The Bounded Conver gence Theorem (BCT). The LDCT for Y a constant.

Definition of independent increments and stationary increments for a sto-

chastic process. Wewill be dealing with two stochastic processes that have

independent and stationary increments: ones that jump (Poisson processes) and,

in the second semester, ones that don't (Brownian motion).3"

We'll �nish with a fun fact:

Example 1.9(a). There are n beadsarranged on a circular necklace. Number them 1

through n. An ant starts at one of them, say, number 1, and takesa simple random walk

on the beads. For any k 6= 1, what is the chancethat bead number k is visited only after1"

all the other beadshave beenvisited?

#

Solution. Surprisingly, it is the samefor all k, whenceit is 1=(n � 1). To seethis, consider

the �rst time that either bead k � 1 is reached (counting mod n). At this time, what

matters is whether the other bead k � 1 is reached before bead k or not. This does not

depend on the sign and clearly doesnot depend on k."3"

. Read pp. 35--36, 37--39, and 41--42 in the book.
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Chapter 2

The Poisson Pro cess

Poissonprocessesare examplesof point processes,which are models for random dis-

tribution of \particles" (called \p oints") in space. E.g., this might include defects on a

surface,raisins in cookiesor cereal,misprints in books,stars in space,arrival times of phone

calls at an exchange, etc. The theory of Poissonprocesseswhen spaceis 1-dimensional,

in fact, only R+ , is especially important for its connectionsto many other stochastic pro-

cesses.In this case,\space" is usually called \time" and the \p oints" are usually called

\events".

We call hN (t)i t � 0 a coun ting pro cess if N (t) is the (�nite) number of \events"

occurring in (0; t]. Thus, N (t) � N (s) = the number of events in (s; t]. Formally, the

de�nition of a counting processis that

� N (t) 2 N,

� s < t ) N (s) � N (t), and

� N (�) is right continuous (with probabilit y 1).

Theorem. Suppose that N (�) is a counting processwith independent stationary incre-

ments that never jumps by more than 1. Suppose that N (0) � 0 but N 6� 0. Then

9� 2 (0; 1 ) such that 8t N (t) � Pois(�t ).

Definition. A processsatisfying these hypothesesis called a Poisson pro cess with

rate � .

Proof. In order to apply the Poissonconvergencetheorem, �x t and let

X n;i := N
� it

2n

�
� N

� (i � 1)t
2n

�
(1 � i � 2n ) :

Let "n := P(X n;i � 2). Claim: 2n "n ! 0. For if not, then 2n k "n k ! � 2 (0; 1 ] for0"

somehnk i . From the convergenceof the binomial distribution to the Poisson,it follows that

P[9i X n k ; i � 2] ! 1� e� � . Theseevents aredecreasingin k, whencetheir intersection has0"

probabilit y 1� e� � . But this meansthat there is a jump � 2 with probabilit y � 1� e� � > 0,

a contradiction.1"
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Let pn := P(X n;i = 1). Then pn ! 0 since lim suppn � P
� T

n f N (t=2n ) � 1g
�

=

P
�
N (0) � 1

�
= 0 (by right continuit y). Let g(t) := lim k 2n k pn k 2 [0; 1 ] for somehnk i .

Then N (t) � Pois
�
g(t)

�
, so g(t) 2 [0; 1 ).

Now E[N (t)] = g(t), whenceg(s + t) = g(s) + g(t). Since g is monotonic, we get0"

g(t) = �t for some� 2 [0; 1 ). It follows that � > 0, so also g(t) > 0 for all t > 0.0"

We now show that such a processexists. Let X n be i.i.d. Exp(� ). Set

N (t) := sup
�

n ;
nX

k=1

X k � t
	

:

0 X 1 X 1 + X 2 X 1 + X 2 + X 3 t X 1 + � � � + X 4
1

Since
P n

1 X k =n ! 1=� a.s., N < 1 a.s. Clearly N jumps by 1 and, by the memoryless

property, has independent stationary increments. Finally ,1"

P
�
N (t) = 0

�
= P(X 1 > t) = e� �t ;

whence� is the rate of the PoissonprocessN . The sequencehX n i is called the sequence

of in terarriv al times .

Now it is easily calculated (see p. 64) that the �rst arrival time of a Poisson

processwith rate � has an Exp(� ) distribution. Since the increments are stationary and1"

independent, all the interarriv al times have an Exp(� ) distribution and, in fact, the Poisson

processis of the type constructed. Thus, � uniquely determines the law of the Poisson2"

process.Here, \la w" is the analoguefor processesof \c.d.f." for a random variable. There

are, in fact, two interpretations of \la w" for processes.The simpler one is the collection of

joint distributions of hN (t i )i for �nite f t i g � R. To be more explicit, theseare called the

�nite-dimensional marginals of the processN . This is often su�cien t; but note that

N and N 0 may have the same�nite-dimensional marginals, yet N may be right continuous

and N 0 not be. Example: Poissonprocessmade left-continuous.#"1"

Thus, sometimesone intro ducesa spaceof functions that each N (�) belongsto. For

example, for counting processes,N , we have that a.s., N 2 Cr
�
[0; 1 )

�
. Then the law of

N is the collection of probabilities P(N 2 A), where A � Cr
�
[0; 1 )

�
.*

In any case,when we say that two processeshave the same law, it means that all

relevant probabilities are the samefor the two processes:They are indistinguishable prob-

abilistically . (Of course,this doesnot mean they are the sameprocess,just as we do not

say that two fair coins are the samecoin.)

* Technically , one needs to intro duce a � -�eld on Cr ([0; 1 )) and then P (N 2 A) is a probabilit y
measure on this � -�eld.
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. Read x2.2, pp. 64--66 in the book.

Let N1(�); : : : ; Nk (�) bereal-valuedstochastic processesde�ned on the sameprobabilit y

spaceand indexed by a set of \times" T. They are called indep enden t if for any events

A i (1 � i � k) such that A i dependsonly on N i (�), the events A i are independent; this is

the sameas saying that for all J 2 N, all t i;j 2 T and all A i;j � R (1 � i � k, 1 � j � J ),

we have

P
�
8i 8j N i (t i;j ) 2 A i;j

�
=

Y

i

P
�
8j N i (t i;j ) 2 A i;j

�
:

Example PM 5.3.6 (Estima ting Softw are Reliability). New software is tested

for time t. After the whole run is complete, the bugs discovered are �xed. What error

rate remains? Supposethe bugs causeerrors like a Poissonprocesswith rate � i (i � 1).

Supposealso that they are independent. If  i (t) is the indicator that bug i hasnot caused

an error by time t, then we want to estimate

�( t) :=
X

i

� i  i (t) :

(By Exercise12, the remaining bugscauseerrors together at the times of a Poissonprocess

with rate �( t).)

Naturally , the bugs with small � i are those remaining. Let M j (t) := the number of#

bugs that causedexactly j errors up to time t. If X i (t) is the indicator that bug i has

causedexactly one error by time t, then

E [�( t)] =
X

� i e� � i t ;

E [M 1(t)] = E
hX

X i

i
=

X
� i te� � i t ;

whence

E
�
�( t) �

M 1(t)
t

�
= 0 :

Thus, M 1(t)=t may be a good estimate of �( t). In this way, we estimate the unknown

(unobserved) by the known (observed). This magic is made possibleby probabilit y and

is the foundation of statistics. Like the gameof choosing the higher of 2 numbers

when we are allowed to see only one. To seehow good this estimate is, compute

Var
�

�( t) �
M 1(t)

t

�
=

E [M 1(t) + 2M 2(t)]
t2

(after lengthy calculations, shown below). Thus, we may estimate the error by

p
M 1(t) + 2M 2(t)=t :
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(Clearly, we should test until M 1(t) and M 2(t) are small comparedto t2.)

For example, supposethat at t = 100, we discover 20 bugs, of which 2 cause1 error

and 3 cause2 errors. Then �(100) � 2
100 �

p
8

100 .

Here are the calculations: Recall that the variance of a Bin(1; p)-random variable is

p(1 � p). Since i (t) � Bin(1; e� � i t ) and X i (t) � Bin(1; � i te� � i t ), we have

Var
�

�( t) �
M 1(t)

t

�
= Var

� X

i

�
� i  i (t) � X i (t)=t

� �

=
X

i

Var
�
� i  i (t) � X i (t)=t

�

=
X

i

h
� 2

i Var
�
 i (t)

�
+

1
t2 Var

�
X i (t)

�
� 2

� i

t
Cov

�
 i (t); X i (t)

� i

=
X

i

h
� 2

i e� � i t (1 � e� � i t ) +
1
t2 � i te� � i t (1 � � i te� � i t ) + 2

� i

t
e� � i t � i te� � i t

i

since i (t)X i (t) � 0

=
X

i

�
� 2

i e� � i t +
1
t
� i e� � i t

�

=
X

i

� 2
i e� � i t +

E
�
M 1(t)

�

t2 :

On the other hand, if Yi (t) denotesthe indicator that bug i has causedexactly 2 errors by

time t, then

E
�
M 2(t)

�
=

X

i

E
�
Yi (t)

�
=

X

i

(� i t)2

2!
e� � i t ;

whencewe obtain the desiredformula."6"

6"

Supposethat each event of a Poissonprocesswith rate � is classi�ed independently

as type i (1 � i � K ) with probabilit y pi , where
P K

i =1 pi = 1. We also assumethat the

typesare independent of the times of the events. Let N i (t) be the number of type-i events

by time t. Here's an amazing fact:

Theorem. For each i , N i (�) is a Poisson processwith rate �p i and theseprocessesare

mutually independent.

Proof. Let eN i (�) be independent Poissonprocesseswith rates �p i . Set eN (t) :=
P eN i (t).

By Exercise12 (p. 89, 2.5, extended), eN (�) is a Poissonprocesswith rate � . Call the events

of eN (�) type i if they come from eN i (�). Also by Exercise12, the �rst event of eN (�) is of
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type i with probabilit y pi , independently of the time of the �rst event. By the (strong)

memorylessproperty, the sameholds for the secondevent of eN (�), independently of the

�rst, etc. Thus, heN i (�)i comesfrom eN (�) by the classi�cation procedurethat giveshN i (�)i

from N (�). Therefore heN i (�)i = hN i (�)i in law, from which the theorem follows.

This proof is short, but subtle. (The proof of Exercise 12 is also short when done

the best way.) A calculational proof of the above theorem, if one wants one, proceeds

along the following lines: Look at the interarriv al times of N i (�). The combination of

the memorylessproperty of the geometric distribution and of the exponential distribution

shows that the interarriv al times are i.i.d. with distribution equal to that of the sum of

Geom(pi ) independent Exp(� ) random variables. What is this distribution? We claim

that it is Exp(�p i ). [Note that this follows immediately from the theorem, but we are

trying to give a direct proof.] One method to prove this is calculational; e.g., calculate the

moment generating function and usethe result that the m.g.f. determinesthe distribution

uniquely. A simpler way is to verify the memorylessproperty and calculate the mean.

(And intuitiv ely, if we think of an exponential random variable as a scaling limit of1"

geometric random variables, it follows from the fact that a geometric sum of geometricsis

geometric.) In any case,oncewe have this done, it follows that for each i , the processN i (�)

is a Poisson(�p i ) process. To show that the processesare mutually independent requires

verifying a statement that is already complicated to state, still more to prove. Actually ,

it is not too hard to prove, but it is messy. So we will just write out a very simple case:

Given any numbers n i and writing n :=
P K

i =1 ni , we have

P
�
N1(t) = n1; N2(t) = n2; : : : ; NK (t) = nK

�

= P
�
N1(t) = n1; N2(t) = n2; : : : ; NK (t) = nK

�
� N (t) = n

�
P

�
N (t) = n

�

=
�

n
n1 n2 � � � nK

� KY

i =1

pn i
i � e� �t (�t )n

n!

=
n!

n1! n2! � � � nK !

KY

i =1

pn i
i � e� �t (�t )n

n!

=
KY

i =1

e� �p i t (�p i t)n i

ni !

=
KY

i =1

P
�
N i (t) = n i

�
:

This is only the simplest caseof independent, since here all the times were the same, t.

But this should be enough to give an idea of how much pain is saved by the conceptual

proof above.
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Cor ollar y. The sum of independent Poisson random variables is a Poisson random

variable whosemean is the sum of the means. If a Pois(� ) number of objects is classi-

�e d independently as type i with probability pi each, then the number of type-i objects is

Pois(�p i ) and thesenumbers are independent.

Proof. The �rst part follows from Exercise12 by embedding the Poissonrandom variables

in Poisson processesas their values at time 1. Note that this proof is accomplished2"

without any real calculation (if Exercise 12 was done the best way) and gives the result

of Exercise1 (p. 47, 1.8). The secondpart follows from the theorem also by embedding.1"

Again, this requiresno further calculation.

Example MASS Example 5.16. No device works perfectly. Suppose that a Geiger

counter fails to register an arriving radioactive particle with probabilit y 0.1, independently

of everything else. Supposealso that radioactive particles arrive at the counter according

to a Poisson(1000=sec) process. If during a certain 1/100 sec, the counter registered 4

particles, what is the probabilit y that actually more than 5 arrived?

#

Solution. This is the probabilit y that it missed at least 2. The missed particles form a

Poisson(100=sec)process,so the chancethat there were at least 2 in that interval is

1 � (e� 110=0! + e� 111=1!) = 0:264+ :

"2"

Another amazingfact about Poissonprocessesis that, for any t > 0, given that N (t) =

n, the n events in (0; t] aredistributed the sameasn i.i.d. U[0; t] points (Theorem 2.3.1). In

fact, another way to construct a Poissonprocessis to choosei.i.d. Y0; Y1; Y2; : : : � Pois(� )

and, given hYi i , chooseYi independent U[i; i + 1] random variables. The resulting set of

points on [0; 1 ) gives the arrival times. (Here, the positive integerscould be replacedby

any sequenceof increasing times.) To seethat this is a Poissonprocesswith rate � , we

needonly check that increments are independent and stationary.0"

To check independence,it's enoughto show that hN (t i ) � N (t i � 1)i r
i =1 are independent

for 0 = t0 < t1 < � � � < t r = 1. But these numbers are obtained by taking Y0 points,1"

each independently having probabilit y t i � t i � 1 of falling in (t i � 1; t i ]; so we may apply the

above corollary.

Now we check that N (s + t) � N (s) D= N (t). This is clear for s + t � 1. To see0"

that it holds for s + t � 2, it su�ces to show that the set of points in [0; 2] are uniform

and independent, given that their number is Y0 + Y1 � Pois(2� ). Stated another way,0"
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it su�ces to show that if we choosePois(2� ) points in [0; 2] independently and uniformly,

then the numbers in [0; 1] and [1; 2] are independent Pois(� ) and given that a point falls

in one of the two halves, it is uniformly distributed in that half. But note that if we1"

choosePois(2� ) points in [0; 2] independently and uniformly, then each has chance1/2 of

falling in [0; 1], so by the corollary, the number that fall in [0; 1] is Pois(1
2 � 2� ) = Pois(� )

and they are clearly i.i.d. U[0; 1]; similarly for those in [1; 2]; and theseare independent of

each other. Likewise,we seeit holds for s + t � n for any n.

A calculational proof of almost the samestatement is given in the book on p. 67. It

is not long.

Example 2.3(a). Supposethat travelersarrive at a train station according to the times

of a Poisson(� ) processduring the interval [0; T]. If the train leavesat time T, what is the

expected total waiting time of the passengers(i.e., the sum of all the waiting times)?

#

Solution. Condition on the number of passengersand then usetheir uniform distribution.

"3"

Example MASS Ex. 5.11. Supposethat customersarrive at an automatic teller ma-

chine (ATM) according to the times of a Poisson(� ) process.The ATM records the start

and �nish times of each customer'sservice,but not when the customersarrive (if they join

a queue). Supposethat the ATM is opened for businessone day at 7:00amand that the

log that day turns out to begin as follows:

Customer No. Service Start Time Service Completion Time

0 7:30 7:34
1 7:34 7:40
2 7:40 7:42
3 7:45 7:50

If the arrival times of the customersare a Poissonprocess,what is the expectedarrival

time of Customer 1 given the above information?

#

Solution. We want

E
�
S1

�
� S0 = 7:30; S1 � 7:34; S2 � 7:40; S3 = 7:45

�
:

This is the sameas

E
�
S1

�
� S0 = 7:30; S1 � 7:34; S2 � 7:40; N (7: 40) � N (7: 30) = 2

�
:
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We begin by calculating the conditional distribution of S1. We also will convert time to

minutes after 7:30 and count arrivals only after that. We have for x � 4,

P
�
S1 � x

�
� S1 � 4; S2 � 10; N (10) = 2

�
= P

�
S1 � x

�
� S1 � 4; N (10) = 2

�

=
P

�
S1 � x; S1 � 4

�
� N (10) = 2

�

P
�
S1 � 4

�
� N (10) = 2

�

=
P

�
S1 � x

�
� N (10) = 2

�

P
�
S1 � 4

�
� N (10) = 2

� :

Now we usethe theorem to calculate that

P
�
S1 � x

�
� N (10) = 2

�
= 1 � P

�
S1 > x

�
� N (10) = 2

�
= 1 �

�
10� x

10

� 2

=
20x � x2

100
:

Therefore

P
�
S1 � x

�
� S1 � 4; S2 � 10; N (10) = 2

�
=

20x � x2

64
:

Now we can calculate the expectation to be

Z 4

0
x

20� 2x
64

dx = 11=6:

Converting to the original time scale, this gives exactly 7:31:50am. (That this is inde-

pendent of � should have been anticipated one we formulated it as depending only on

probabilities conditional on N (10) = 2.)"8"

Example PM 5.10 (The Coupon Collector 's Pr oblem). There are m di�eren t

typesof coupons. Each time you collect one, it has probabilit y pj (1 � j � m) of being of

type j , independently of the past. How many coupons do you expect to have to collect in

order to have a complete set?

#

Solution. We usea method known as \P oissonization": it consistsin intro ducing Poisson

random variables or processeswhere there are none apparent in the problem.

We may supposethat the couponsare collectedat the times of a PoissonprocessN (�)

with rate 1. Classifying by type of coupon decomposesthis into m independent Poisson

processeswith rates pj . Let X (j ) be the �rst waiting time of the j th process. Then

X := maxX (j ) is the time when a complete collection is amassed.We want to know how

many coupons, Y , have been collected at this time. Now X =
P Y

i =1 Ti , where hTi i are

the interarriv al times of N (�). Therefore, E [X ] = E [Y ]E [T] = E [Y ]. (Note that although
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Y = N (X ), we cannot calculate E [Y ] = E
�
E [N (X ) j X ]

�
easily, sinceN (X ) is at least m

and so doesnot have a Poissondistribution.)

Thus, it remains to calculate E [X ]. Now 8t > 0

P[X � t] = P[8j X (j ) � t] =
mY

j =1

(1 � e� pj t ) :

Therefore

E [X ] =
Z 1

0
P[X > t] dt =

Z 1

0

h
1 �

mY

j =1

(1 � e� pj t )
i

dt :

(To get the maximum amount of fun out of this example, show that if pj � 1
m , then

E [X ] = m
P m

i =1 1=i by changing variables to x := 1 � e� t=m . Another way to do this

particular caseis to calculate E [X ] by the result of Exercise15(b).)"7"

We now study counting processesthat may not have stationary increments, called

(nonhomogeneous) Poisson pro cesses:

Theorem. Suppose that N (�) is a counting process with independent increments that

jumps by 1, N (0) � 0, and 8t P[N jumps at t] = 0. Then 8t 9g(t) < 1 and N (t) �

Pois
�
g(t)

�
. Also, g is continuous.

If g(t) =
Rt

0 � (s) ds, for somefunction � (�), then � (�) is called the in tensit y function

of N (�).

Proof. The sameproof as the stationary caseworks, except that we usethe PoissonCon-

vergenceTheorem in greater generality, not just for the binomial distribution. We �rst2"

show that

max
1� i � 2n

P(X n;i � 1) ! 0 :

If this were not true, then compactnessof [0; t] would yield t0 2 [0; t] and integers i k , nk

such that inf k P(X n k ;i k � 1) > 0 and i k t=2n k ! t0. We can enlarge the intervals so as1"

to be decreasingand contain t0, while still having length tending to 0. But then P
�
N (�)

jumps at t0
�

> 0, a contradiction.2"

Next, we show that X

1� i � 2n

P(X n;i � 2) ! 0 :

Apply the PoissonConvergenceTheoremto a subsequenceof the random variablesh1f X n;i � 2gi

to get a contradiction otherwise (by �nding that there is a jump of at least 2 somewhere).

2"
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Finally , we can take a subsequenceto get
P

1� i � 2n k P(X n k ;i = 1) ! g(t) 2 [0; 1 ],

which meansN (t) � Pois
�
g(t)

�
, which implies that g(t) does not depend on the subse-

quence,but only on t.1"

We now show that g is continuous. Given t0, let s < t0 < t. The number of events in

(s; t] is Pois
�
g(t) � g(s)

�
: By the above argument starting at time s, it is Poisson;its mean

is E [N (t) � N (s)] = g(t) � g(s). If g(t) � g(s) 6! 0 as t � s ! 0, then the probabilit y of

an event occurring in (s; t] 6! 0 either, making the probabilit y of an event at t0 positive, a

contradiction.1"

Example PM 5.20. Dogbert runs a hotdog stand. He observes that customersarrive

at an increasing rate from opening time at 8:00am until 11:00am, then at a steady rate

until 1:00pm,and then at a decreasingrate until closingat 5:00pm. He models the arrival

times as a nonhomogeneousPoissonprocesswith piecewiselinear intensity. He measures

that on average,the number of customersbefore 11am is 37.5, the number at lunch (the

steady period) is 40, and the number after 1pm is 64.

(a) AssumeDogbert's model. What is the expectednumber of customersarriving between

8:30amand 9:30am?

(b) What is the probabilit y that no customersarrive between8:30amand 9:30am?

#

Solution. The lunch rate per hour is 20, the 8am rate is 5, and the 5pm rate is

12. This gives (a) 10 and (b) e� 10."7"

The best understanding of Poissonprocessesis gainedwith measuretheory (in partic-

ular, the measurewhosec.d.f. is g(�)). We will prove existencelater more generally. Also,

g(�) uniquely determinesN (�) (in law).

It is easyto check that the sum of a �nite number of independent (nonhomogeneous)

Poissonprocessesis a Poissonprocess. For simplicit y, we state the following for Poisson1"

processeswith intensity:

Theorem. Let N (�) be a Poisson processwith continuous intensity � (�). Let pi (�) (i =

1; : : : ; k) be continuous functions with values in [0; 1] and
P k

i =1 pi (t) = 1 for all t � 0.

Classify each event as type i with probability pi (t) if it occurs at time t, independently of

other events. Then the type-i eventsform a Poissonprocesswith intensity � i (t) := � (t)pi (t)

and thesek Poisson processesare mutually independent.

Proof. Let N i (�) be independent Poissonprocesseswith intensity � i (t). Then their sum

has the samelaw as N (�). It su�ces to show that the events are classi�ed independently

as given.
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Consider a very small interval (t � h; t + h]. With probabilit y o(h), it has � 2 events.2"

Thus, the probabilit y that there exists an event in (t � h; t + h] of type i given that there

exists an event in (t � h; t + h] is
Rt + h

t � h � i (s) ds
P k

j =1

Rt + h
t � h � j (s) ds

+ o(1) ;

whencean event at time t is type i with probabilit y pi (t). This is independent of other1"

events, as seenby consideringdisjoint intervals.1"

Example 2.3(b), 2.4(b) (The M/G/ 1 Queue). There is a standard schemefor coding

the type of queueconsidered.The last of the three symbols indicates the number of servers

(here, 1 ); they are always assumedto have i.i.d. servicetimes. The �rst symbol indicates

the type of arrival stream: \M" stands for \memoryless", which meansthat the arrivals

form a homogeneousPoisson process. The middle symbol indicates the type of service

distribution; \M" would be exponential, while \G" is \general", with c.d.f. equal to G.

Let N1(t) be the number of customers that have completed service by time t and

N2(t) be the number still in serviceat time t. What is their joint distribution? Is N2(�) a

Poissonprocess?

#

Solution. Now N1(t) + N2(t) is the Poissonarrival process. At time t, each customer in

(0; t] has completed service with probabilit y G(t � s), given that his arrival was at time

s. If t is �xed, then on (0; t], we seea Poissonprocesswith events at time s classi�ed as

\done" or \in service" with probabilit y G(t � s) and G(t � s). This gives that

N1(t) � Pois
� Z t

0
�G (u) du

�
;

0"

N2(t) � Pois
� Z t

0
� G(u) du

�
;

and N1(t), N2(t) are independent (we changedvariable to u := t � s).

Of course,N1(�) is not an increasingprocess,but N2(�) is. In fact, it is a counting pro-

cessthat jumps by 1 and starts at 0. Also, it hasno chanceof jumping at any prespeci�ed

(deterministic) time, so to prove that N2(�) is, in fact, a Poissonprocess,we needto show

that it has independent increments. If we considerany �nite collection of disjoint intervals

and classify arrivals according to during which interval they have completed service, or

none, then the theorem giveswhat we want. We also have that the intensity function of

N2(�) is �G (�) by what we have already calculated."5"
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. Read (if you wish an alternative development) pp. 69--70 and x2.4 (pp. 78--

82) in the book.

We can think of a Poissonprocessas a random set of points in [0; 1 ). This leadsus

to considerrandom points in other settings, such as euclideanspace.A poin t pro cess is

a random (�nite or in�nite) set of points; equivalently , it is a stochastic processN indexed

by sets in euclideanspace: N (A) is the number of points in A � Rd. Clearly, if hA i i are

disjoint, then N (
S

A i ) =
P

N (A i ). We assumethat if A is bounded, then N (A) < 1 a.s.

(i.e., we make this part of our hypotheseswithout stating this assumption explicitly , or in

other words, theseare the only point processeswe will study).

Denote the size(length, area, volume, etc.) of A by jAj.

Theorem. Let N (�) be a point processsuch that when hA i i r
i =1 are disjoint, hN (A i )i r

i =1

are independent and such that N (A) has a distribution depending only on jAj. Then

9� 2 [0; 1 ) such that 8A N (A) � Pois(� jAj).

This is called a Poisson poin t pro cess with in tensit y � .

More generally, we have:

Theorem. Let N (�) be a point processsuch that hA i i r
i =1 disjoint ) hN (A i )i r

i =1 inde-

pendent and 8x P
�
N (f xg) = 0

�
= 1. Then there exists a function � � 0 on subsetssuch

that

8A N (A) � Pois
�
� (A)

�
;

A bounded ) � (A) < 1 ;

hA i i disjoint ) �
� [

A i

�
=

X
� (A i ) ;

and 8x � (f xg) = 0:

Conversely, for all such � , there is such a point process.

#

Proof. ) : Similar to before, but subdivide euclideanspaceby regions.

( : Start with a subdivision of euclidean space by regions. In region A, take a

Pois
�
� (A)

�
number of points distributed independently accordingto �=� (A), i.e., P(point 2

B ) = � (B )=� (A) for B � A. This really needsmeasuretheory for full justi�cation. The

proof that this works is as before.

"4"
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x2.5. Comp ound Poisson Random Variables and Pro cesses.

If X i � F are i.i.d. and N is a Pois(� ) random variable, then the sum

W :=
NX

i =1

X i

is called a comp ound Poisson random variable with parameters � and F . Similarly,

if N (�) is a Poissonprocess,then

W (t) :=
N (t )X

i =1

X i

is called a comp ound Poisson pro cess. Thus, each W (t) is a compound Poissonrandom

variable. E.g., N (�) might describe the times of insurance claims and X i the amounts of

the claims. As another example, the special casewhere X i � Bin(1; p) gives the thinned

Poissonprocessesconsideredbefore.

Example 2.5(a). Supposethat X s (s � 0) are independent random variables but not

necessarilyidentically distributed. Interestingly, it turns out that

W (t) :=
N (t )X

i =1

X Si ;

although not a compound Poisson process,is, for each t, a compound Poisson random

variable!

#

Solution. For each t, condition on N (t) and usethe fact that the event times are indepen-

dent uniform on [0; t]. If N (�) is Pois(� ) and X s � Fs, then W (t) has parameters �t and

F , where

F (x) :=
1
t

Z t

0
Fs(x) ds:

"3"
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Chapter 3

Renew al Theory

Wenow generalizePoissonprocessesto counting processeswherethe interarriv al times

are i.i.d. with an arbitrary nonnegative distribution. Let hX i i be i.i.d. � 0, P(X = 0) < 1,

� := E [X ] 2 (0; 1 ], Sn :=
P n

i =1 X i . SinceSn =n ! � a.s., we may de�ne

N (t) := maxf n ; Sn � tg

for t � 0. This is called a renew al pro cess. We even allow X i to take the value + 1 with

positive probabilit y, but this will only be important in the chapter on Markov chains.

Examples:

� Replacelight bulbs when they burn out, assumingthat only a single bulb is lit at

each instant.

� Cars passing a �xed location. (Since some distance between cars is necessary, a

Poissonprocesswould not be as accurate.)

� If customer arrival times in a queueing processform a renewal process,then the

times of the starts of successive busy periods generatea second(delayed) renewal process.

In casethe arrival times are exponential, then also the times of the starts of successive free

periods (no customers)determine a renewal process.

If X 1 has a di�eren t distribution than X n for n � 2, then the processis called a

delayed renew al pro cess.

Pr oposition 3.3.1. lim t !1 N (t)=t = 1=� a.s.

Proof. We compareto the previous and the next arrival times: SN (t ) � t < SN (t )+1 , so

SN (t )

N (t)
�

t
N (t)

<
SN (t )+1

N (t) + 1
�

N (t) + 1
N (t)

:

The left-hand side tends to � , as doesthe �rst term on the right-hand side, while the last

term tends to 1.

Note that if N (�) is a delayed renewal process,then the sameresult holds.2"
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Example PM 7.5. A battery has a lifetime that is U[30; 60] in hours. If a battery is

replacedas soon as it fails, what is the long-run rate at which batteries are replaced?

#

Solution. We have � = 45 hours, so the rate is one battery every 45 hours."3"

Example PM 7.7. Customers arrive at a single-server bank at the times of a Poisson

processwith rate � . If the server is busy, however, an arriving customer goeshome rather

than waits (the customer is \lost"). Let the servicetime be random with c.d.f. G. (This

is called an M/G/1/1 queue,where the 4th number indicates the capacity of the queue.)

(a) At what rate do customersenter the bank?

(b) What proportion of arrivals actually enter the bank?

#

Solution. (a) By the memorylessproperty, the mean time between entering customersis

� = � G + 1=� , whencethe rate is 1=� = �= (1 + �� G ).

(b) Let NA bethe arrival processand NE the entering process.Then lim NE (t)=NA (t) =

lim(NE (t)=t)=(NA (t)=t) = 1=(1 + �� G )."5"

Example PM 7.8. A spinner has n outcomes. Outcome i has probabilit y pi , where
P n

i =1 pi = 1. Also given are ki 2 Z+ . The spinner is spun until somei appears ki times

in a row; player i is then declaredthe winner. Determine each player's chanceof winning

and the expected number of spins in a game.

Solution. Supposethat this gameis played repeatedly. By the SLLN, the probabilit y that

i wins is the long-run proportion of gamesthat i wins, which is

r i

. nX

j =1

r j ;

where r j := rate per spin that j wins. For each j , wins by player j constitute renewals.2"

Thus, by Proposition 3.3.1, r j = 1=(expectednumber of spinsuntil j wins), soby Exercise

8 (p. 50, 1.18), r j = (1 � pj )=(p� k j

j � 1). Therefore,

P(i wins a game)=
(1 � pi )=(p� k i

i � 1)
P n

j =1 (1 � pj )=(p� k j

j � 1)
:

Also, the endings of games constitute a renewal process, so by Proposition 3.3.1, the

expected number of spins per gameis 1/(rate at which gamesend)

= 1=
nX

j =1

r j = 1=
nX

j =1

(1 � pj )=(p� k j

j � 1) :
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E.g., if n = 2 and k2 = 1, then the gameis fair i� p1 = 2� 1=k1 .

E.g., if we draw cards with replacement from a standard deck, then the expected

number of cardsuntil wedraw 4 consectuviecardsof the samesuit is 85. This is problem

3.24.

Renewal processes\b egin anew" after each renewal, just asPoissonprocessesdo after

each event. (In addition, Poissonprocessesbegin anew at each instant by the memoryless

property.) Here is a formal statement and proof of that:

Theorem. If N (�) is a renewalprocesswith �rst arrival time X 1, then hN (X 1+ t)� 1 ; t �

0i has the samedistribution as N (�).

Proof. They are both counting processes,so we have to show that they have the same

�nite-dimensional marginals. So let 0 < t1 < t2 < � � � < tn < 1 and k1; k2; : : : ; kn be

integers. We have to show that

P
�
8i N (X 1 + t i ) � 1 = ki

�
= P

�
8i N (t i ) = ki

�
:

Write out the left-hand side in terms of Sk i +1 and Sk i +2 .3"

The function m(t) := E [N (t)] is called the renew al function of the process. The

previous theorem implies that

m(t) = E [N (t)] = E [E [N (t) j X 1]]

= E [(1 + m(t � X 1))1f X 1 � t g] =
Z

[0;t ]
(1 + m(t � x)) dFX (x)

= FX (t) +
Z

[0;t ]
m(t � x) dFX (x) :

This is called the renew al equation , but it is usually too hard to solve (for m(�) in terms

of FX (�)).

Nevertheless,we can prove that Proposition 3.3.1 holds also in expectation:

Theorem 3.3.4 (The Element ar y Renew al Theorem). lim t !1 m(t)=t = 1=� .

In order to prove this, we want to take expectation of

SN (t )+1 =
N (t )+1X

i =1

X i

and get

(3:3:3) E
h
SN (t )+1

i
= � (m(t) + 1) :

Note that the analogous equation is not true for E [SN (t ) ].#"1"
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This is true, yet it doesn't follow from our preceding work since N (t) + 1 is not

independent of hX i i . However, for each n, the event f N (t) + 1 = ng is independent of

hX i ; i > ni . Thus, (3.3.3) follows from the following theorem: [Note that (3.3.3) is trivial

if � = 1 sinceN (t) + 1 � 1.]

Theorem 3.3.2 (Wald's Equa tion). Let X n be random variables all with the same

mean � . Suppose that N is an N-valued random variable such that 8n f N = ng is inde-

pendent of hX n + i ; i � 1i . If either

(a) all X n � 0 or

(b) E [N ] < 1 and supn E jX n j < 1 ,

then

E
h NX

n =1

X n

i
= � � E [N ] :

Proof. Let I n := 1f N � n g = 1 �
P n � 1

i =0 1f N = i g . SinceX n and 1f N = i g are independent, we

have E [X n I n ] = E
�
X n (1 �

P n � 1
i =0 1f N = i g)

�
= EX n �

P n � 1
i =0 EX n E1f N = i g = E[X n ]E [I n ].

Likewise,E [jX n jI n ] = E [jX n j]E [I n ]. In case(a), we have

E
h NX

n =1

X n

i
= E

h 1X

n =1

X n I n

i
=

1X

n =1

E[X n I n ] =
1X

n =1

E[X n ]E [I n ] = �
1X

n =1

E[I n ]

= �
1X

n =1

P(N � n) = �E [N ] :

In case(b), calculate �rst E
hP

jX n I n j
i

� E [N ]�supE jX n j < 1 , sowe may apply Fubini's

theorem or the LDCT to justify the previous calculation.1"

Proof of Theorem 3.3.4. Weare going to prove this by proving two inequalities,#

a lower bound on the liminf and an upper bound on the limsup."1"

We �rst show lim inf m(t)=t � 1=� . Since SN (t )+1 > t, we have � (m(t) + 1) =

E [SN (t )+1 ] > t, whencewe get the inequality.

For the other direction, that is, lim supm(t)=t � 1=� , the di�cult y is that X N (t )+1

may be very large (we want to usean upper bound on SN (t )+1 ). Thus, we usethe method

of truncation: Fix M 2 (0; 1 ) and de�ne

X n := X n ^ M :
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This givesa new renewal processN (t) � N (t) with meanm(t) � m(t). Write � M := E [X ].

Note that limM !1 � M = � by the MCT. Now (3.3.3) gives

� M (m(t) + 1) = E
h
SN (t )+1

i
� t + M ;

so lim supm(t)=t � 1=� M . Therefore lim supm(t)=t � 1=� M . SinceM is arbitrary , we get

the inequality.

The same holds for delayed renewal processes:Given X 1, the expected number of

renewals of the delayed processND (�) by time t is 0 if X 1 > t and is 1+ m(t � X 1) otherwise.

Therefore mD (t) := E [ND (t)] = E [(1 + m(t � X 1))1f X 1 � t g]. Since m(t)=t ! 1=� , there

is someconstant c such that for all large t, we have (1 + m(t))=t � c. Therefore we can

apply the BCT to concludethat mD (t)=t ! 1=� .2"

. Read pp. 98--108 in the book.

According to the Elementary Renewal Theorem, N (t) is approximately t=� . In fact,

we can say more: it is approximately normally distributed. This is not an instance of the

CLT, since N (t) is not a sum. However, N (�) is related to sums, so we will be able to

deduceit from the usual CLT.

Theorem 3.3.5. Let N (�) be a renewalprocesswhoseinterarrival times have�nite mean

� and �nite standard deviation � . Then as t ! 1 ,

N (t) � t=�

�
p

t=� 3
) N(0; 1) :

Proof. Given any real y, write r t := t=� + y�
p

t=� 3. Also, write r 0
t := dr t e. We have

(
N (t) � t=�

�
p

t=� 3
< y

)

= f N (t) < r t g = f N (t) < r 0
t g = f Sr 0

t
> tg

=

(
Sr 0

t
� r 0

t �

�
p

r 0
t

>
t � r 0

t �

�
p

r 0
t

)

:

Now
t � r t �
�

p
r t

= � y
�

1 +
y�

p
t�

� � 1=2

! � y

as t ! 1 . Sincejr 0
t � r t j < 1, the sameholds with r 0

t in place of r t . Therefore the CLT2"1"

tells us that the probabilit y of the event above tends to 1 � �( � y) = �( y), where � is the

c.d.f. of N(0; 1).2"
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Example MASS 8.13. Suppose that a part in a machine can be obtained from two

di�eren t sources,A and B. Each time the part fails, it is replacedby a new one, but the

sourcesare i.i.d., coming from A with probabilit y 0.3 and from B with probabilit y 0.7.

(The sourceis also independent of everything else.) Lifetimes of parts are exponentially

distributed; if the source is A, the mean is 8 days, while if B, the mean is only 5 days.

However, parts from A take 1 day to install, while those from B take only 1/2 day to

install. Installation times are not random. If the machine is working at the beginning of

the year, what is the approximate distribution of the number of failures during the year?

#

Solution. If X is the interfailure time, then E [X ] = 6:55 days, E [X 2] = 82:175 days,

whenceVar(X ) = 39:2725days2. This givesan answer of N(55:725 days; 51:01 days2)."5"

The bus-waiting paradox: Supposebus times are deterministic and alternate between#

1 minute and 10 minutes. Thus, half of the busestake 10 minutes. But if you go out at a

random time, you are more likely to get a bus that takeslonger. Most (10/11) of the time

it seemsthat busestake 10 minutes. The paradox lies partly in con
ating two di�eren t

measuresof \time": real time or counting buses.When the interarriv al times are random,

if we condition on the interarriv al times, the samething holds, of course."4"

Recall from Exercise26 that X N (t )+1 is stochastically larger than X (i.e., F X N ( t )+1 �

F X ). This is intuitiv e from the viewpoint that longer intervals have a greater chance of

capturing a given point, t. As t ! 1 , we should expect the length X N (t )+1 to convergein

law to a size-biasedversion of X , where we say that bX is a size-biased version of X if

F bX (x) =
1

E [X ]

Z x

0
s dFX (s) : think dF bX (x) =

1
E [X ]

x dFX (x) :

(Examples: If X � 1
2 � 1 + 1

2 � 10, then bX � 1
11 � 1 + 10

11 � 10. If X � 1
3 � 1 + 2

3 � 10, then
bX � 1

21 � 1 + 20
21 � 10.) This is the sameas

for all bounded h E [h( bX )] =
1

E [X ]
E [X h(X )] ;

as immediate calculation shows (using E [h(Y)] =
R1

0 h(s) dFY (s)). E.g.,1"

E [ bX ] = E [X 2]=E[X ] :

Furthermore, if we let

A(t) := t � SN (t )
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be the age of the processat time t, then we expect that the law of A(t) given X N (t )+1 = x

should convergeto U[0; x), thus that

�
A(t); X N (t )+1

�
) L

�
U[0; bX ); bX

�
: (N1)

Actually , if X is a lattice random variable , i.e., 9d > 0 such that P(X 2 dZ) = 1, then

this cannot be true; instead, if d is the largest real number such that P(X 2 dZ) = 1,

called the perio d of X , then

�
A(t); X N (t )+1

�
) L

�
Ud[0; bX ); bX

�
(N2)

as t ! 1 in dZ, where Ud[0; dn) is the uniform distribution on f 0; d; � � � ; (n � 1)dg.

Thesetwo limit results, (N1) for non-lattice random variables and (N2) for lattice random

variables, are true when E [X ] < 1 , but we won't prove them.

Example (Poisson Pr ocess). Supposethat X � Exp(� ). Then SN (t )+1 � t � Exp(� ).

What is the distribution of A(t)?

#

Solution. By embeddingthe Poissonprocessin a point processon all of R (or by considering

the event times in [0; t] to be uniform i.i.d. given how many there are), we seethat it is

exponential conditioned to be at most t."3"

Assumethat X is non-lattice. Then

A(t) ) L
�
U[0; bX )

�
;

i.e.,

lim
t !1

E
h
g
�
A(t)

� i
= E

h
g
�
U[0; bX )

� i
= E

h
E

�
g
�
U[0; bX )

� �
� bX

� i

= E
h 1

bX

Z bX

0
g(s) ds

i
=

1
�

E [X �
1
X

Z X

0
g(s) ds

i

=
1
�

E
hZ 1

0
g(s)1f X >s g ds

i
=

1
�

Z 1

0
g(s)F (s) ds: (N3)

We didn't pay very closeattention here to what conditions on g allow such passageto the

limit. The conditions are stated in:
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Theorem 3.4.2 (Pr obabilistic Form of the Key Renew al Theorem). If F is

not lattice, � = E [X ] < 1 , and gF is directly Riemann integrable on [0; 1 ), then

lim
t !1

E
h
g
�
A(t)

� i
=

1
�

Z 1

0
g(s)F (s) ds:

Likewise, if F is lattice with period d, � = E [X ] < 1 , and
P 1

n =0 g(nd)F (nd) exists and

is �nite, then

lim
n !1

E
h
g
�
A(nd)

� i
=

d
�

1X

n =0

g(nd)F (nd) :

Here,wesay that a function L is directly Riemann in tegrable on [0; 1 ) if the upper

and lower Riemann integrals of L over all of [0; 1 ) are equal, when using equally spaced

divisions of [0; 1 ) for integrating over [0; 1 ). It can be shown that besidesL 2 Cc
�
[0; 1 )

�
,0"

it su�ces that L be a decreasingnonnegative function with lim x !1
Rx

0 L(t) dt < 1 . The

lattice caseactually can be written in the very sameform as the non-lattice case,as long

as we restrict t to dZ.

It is not hard to check that (N1), (N2), and the Key Renewal Theoremhold for delayed

renewal processessincethey hold for renewal processes.

We still have to prove the lattice case.This follows similar reasoningas above: Since

A(nd) ) L
�
Ud[0; bX )

�
;

we have

lim
n !1

E
h
g
�
A(nd)

� i
= E

h
g
�
Ud[0; bX )

� i
= E

h
E

�
g
�
Ud[0; bX )

� �
� bX

� i

= E
h 1

bX =d

bX =d� 1X

n =0

g(nd)
i

=
1
�

E [X �
d
X

X =d� 1X

n =0

g(nd)
i

=
d
�

E
h 1X

n =0

g(nd)1f X >nd g

i
=

d
�

1X

n =0

g(nd)F (nd) :

Note that the residual life at t, de�ned to be Y(t) := SN (t )+1 � t , has the samelimit

law as A(t) in the non-lattice case,since it is U(0; bX ], which is the sameas U[0; bX ). (In

the lattice case,there is a di�erence sinceA(t) cannot be equal to bX , while Y (t) can be.)

This makessenseintuitiv ely if we look backwards in time.

The statement you will seeof the Key Renewal Theorem in the book and in other

books looksquite di�eren t. It is phrasedpurely analytically , with no apparent probabilistic

content:
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Theorem 3.4.2 (Anal ytic Form of the Key Renew al Theorem). If F is not

lattice, � = E [X ] < 1 , and h is directly Riemann integrable on [0; 1 ), then

lim
t !1

Z

[0;t ]
h(t � x) dm(x) =

1
�

Z 1

0
h(s) ds:

Likewise, if F is lattice with period d, � = E [X ] < 1 , and
P 1

n =0 h(nd) existsand is �nite,

then

lim
n !1

nX

k=0

h
�
(n � k)d

�
[m(kd) � m

�
(k � 1)d

�
] =

d
�

1X

n =0

h(nd) :

Here, we are using the notion of Stieltjes integral with respect to m(�), which is

de�ned just as it was with respect to c.d.f.'s. We will use the fact that
R

h(x) dm1(x) +
R

h(x) dm2(x) =
R

h(x) d(m1 + m2)(x).

When the theorem is applied in a probabilistic context, it is usually more useful to

have it stated probabilistically . But here is why the theoremsare the same. Write

Fn := FSn :

We have, for any function g that is 0 on (�1 ; 0),

E
h
g
�
A(t)

� i
= E

h
g
�
A(t)

� X

n � 0

1f N ( t )= n g

i

= E
hX

n � 0

g
�
A(t)

�
1f Sn � t;S n +1 >t g

i

=
X

n � 0

E
h
g
�
t � Sn

�
1f Sn � t;S n +1 >t g

i

=
X

n � 0

E
h
g
�
t � Sn

�
1f Sn +1 >t g

i

=
X

n � 0

E
h
E

h
g
�
t � Sn

�
1f Sn +1 >t g

�
� Sn

ii

=
X

n � 0

E
h
g
�
t � Sn

�
P

�
Sn +1 > t

�
� Sn

� i

=
X

n � 0

E
h
g
�
t � Sn

�
F (t � Sn )

i

=
X

n � 0

Z

[0;t ]
g
�
t � s

�
F (t � s) dFn (s)

= g(t)F (t) +
Z

[0;t ]
g
�
t � s

�
F (t � s) dm(s)
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sinceF0(s) = 1[0;1 ) and

m(s) = E
�
N (s)

�
=

X

n � 1

P
�
N (s) � n

�
=

X

n � 1

P(Sn � s) =
X

n � 1

Fn (s) :

Now let t ! 1 . To get the theorem in the form above, useg := h=F .

Theorem 3.4.1 (Bla ckwell 's Renew al Theorem). For a non-lattice renewal pro-

cess,

m(t + a) � m(t) ! a=� :

If X is lattice with period d, then

E [number of renewalsat nd] ! d=�

as n ! 1 . In the lattice case, if only one renewal can occur at a given time, this is

equivalent to

P[renewalat nd] ! d=� :

If � < 1 , then this follows from the analytic form of the Key Renewal Theorem by

using h := 1(0 ;a ] in the non-lattice caseand h := 1f 0g in the lattice case. From this, we2"

can deducethe result when � = 1 by truncation.3"

Example 3.5(a) (Applica tion of Dela yed Renew al Pr ocesses to Patterns).

Let X n be i.i.d. and discrete. Givena pattern , i.e., a sequenceof outcomeshx1; x2; : : : ; xk i ,

let N (n) be the number of times the pattern occurs by time n. E.g., if the pattern is

h0; 1; 0; 1i and the sequencehX n i is h1; 0; 1; 0; 1; 0; 1; 1; 1; 0; 1; 0; 1; : : :i , then the pattern

occurs at times 5; 7; 13; : : : and N (13) = 3. Clearly N (�) is a delayed renewal process.

What's the expected time � betweenpatterns?

Solution. By Blackwell's theorem,

1
�

= lim
n !1

P(pattern at time n) =
nY

i =1

P(X = x i ) :

1"

Remark. We could also usesimply the elementary renewal theorem:

1
�

= lim
n !1

m(n)
n

= lim
n !1

1
n

nX

k=1

P(pattern at time k) :

3"
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If a coin hasprobabilit y p of H, what is the expectednumber of tossesuntil the pattern

HTHT occurs?

By the above, the time from HTHT to the next occurrenceis 1=p2q2, whereq := 1� p,

while to get to the �rst HTHT, one must �rst seeHT. Also, to get from HT to HTHT

has the sameexpected number of tossesas to get from HTHT to HTHT, i.e., 1=p2q2, so

(the expected time to the �rst HTHT) = (the expected time to HT) + 1=p2q2. Since(the

expected time to HT) = (the expected time betweenHT's) = 1=pq, we get 1=pq+ 1=p2q2

as our answer.3"

Note how this also provides another solution to Exercise8 (p. 50, 1.18 in the book).

Similar reasoningworks with an underlying i.i.d. processhaving more than 2 possible

outcomes. E.g., if P(outcome j ) = pj , then

E [time to 012301]= E [time to 01]+
1

p2
0p2

1p2p3
=

1
p0p1

+
1

p2
0p2

1p2p3
:

Related questions are still the object of contemporary research: see,e.g., the paper

On a conjecture by Eriksson concerning overlap in strings by Isa Cakir, Curania Chrys-

saphinou,and Marianne M�ansson,published in Combin. Probab. Comput. 8 (1999), no. 5,

429{440.

Supposethat a system is on for time Z1, then o� for time Y1, then on for time Z2,

then o� for time Y2, etc. We supposethat (Zn ; Yn ) are i.i.d., but for each n, Zn and Yn

may be dependent. Still, hZn + Yn i form a renewal process.The times Z1; Z1 + Y1; Z1 +

Y1 + Z2; Z1 + Y1 + Z2 + Y2; Z1 + Y1 + Z2 + Y2 + Z3; : : : form what is called an alternating

renew al pro cess.

Theorem 3.4.4. For an alternating renewal process, if Z + Y has �nite mean and is

non-lattice, then

lim
t !1

P(systemis on at time t) =
E [Z ]

E [Z ] + E [Y ]
:

Proof. We have P(on at t) = E
h
P

�
on at t j A(t); N (t)

� i
. Now for a � 0,

P(on at t j A(t) = a; N (t) = n) = P(on at t j A(t) = a; Sn � t; Sn +1 > t)

= P(Zn +1 > t j Sn = t � a; Sn � t; Sn +1 > t)

= P(Zn +1 > t j Sn = t � a; Zn +1 + Yn +1 > a)

= P(Zn +1 > t j Zn +1 + Yn +1 > a)

= F Z (a)=F Z + Y (a) :
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Therefore, P(on at t) = E
h
F Z

�
A(t)

�
=F Z + Y

�
A(t)

� i
. We can apply the Key Renewal

Theorem since F Z is a nonnegative decreasingfunction with �nite integral E [Z ]. This

tells us that P(on at t) convergesto

1
E [Z + Y ]

Z 1

0

F Z (s)

F Z + Y (s)
F Z + Y (s) ds:

2"

Of course,

lim
t !1

P(o� at time t) = 1 �
E [Z ]

E [Z ] + E [Y ]
=

E [Y ]
E [Z ] + E [Y ]

:

Note that lim t !1 P(on at t) is equal to the long-run expectedproportion of time that

the system is on, since if I (t) is the indicator that the system is on at time t, then this

long-run expected proportion is

lim
t !1

E
�

1
t

Z t

0
I (t) dt

�
= lim

t !1

1
t

Z t

0
E

�
I (t)

�
dt = lim

t !1

1
t

Z t

0
P(on at t) dt :

1"

Example MASS 8.29. Let an M/G/1/1 queuehave arrival rate � . If Q(t) denotesthe

number of customersin the systemat time t (which is either 0 or 1), �nd lim t !1 P
�
Q(t) =

1
�
.

#

Solution. If we interpret Q(t) = 1 as on time and Q(t) = 0 as o� time, then we seea

(delayed) alternating renewal process. (Recall the example of a delayed renewal process

at the beginning of the chapter.) The mean on time is � G and the mean o� time is 1=�

(by the memorylessproperty), so the answer is � G =(� G + 1=� )."2"

Example MASS 8.30. Let a G/M/1/1 queuehave servicerate � . If Q(t) denotesthe

number of customersin the system at time t, �nd lim t !1 P
�
Q(t) = 1

�
.

#

Solution. If we interpret Q(t) = 1 as on time and Q(t) = 0 as o� time, then we seea

(delayed) alternating renewal process. The mean on time (length of busy period) is 1=� ,

but the mean o� time is more di�cult to calculate. Condition that a certain busy period

is t. The arrivals starting at the beginning of this serviceperiod form a renewal process

with interarriv al distribution G(�). The total cycle time is then the time that this renewal

process�rst exceedst. By (3.3.3), this has expectation � G (mG (t) + 1). Therefore the

unconditioned expected cycle time is
R1

0 � G (mG (t) + 1)�e � �t dt, which gives the answer

1=
�
� 2� G

R1
0 (mG (t) + 1)e� �t dt

�
."4"
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Note that theseanswers agreefor an M/M/1/1 queue.

Example 3.4(a). A store stocks a certain commodit y. It tries to keep the amount on

hand in the interval [s; S]. It does this by ordering S � x whenever the amount on hand

dips to x < s, but not ordering otherwise. Thus, the store restocks to level S after such an

order, which is assumedto be executedand received instantaneously. Customersarrive at

the times of a renewal processwith non-lattice interarriv al distribution F . Each customer

independently buys an amount with distribution G. What is the limiting distribution of

the inventory level (the amount on hand)?

#

Solution. Let X (t) denotethe inventory at time t. We will calculate lim t !1 P
�
X (t) � x

�
.

Fix x 2 [s; S]. Say that the system is on when X (t) � x and o� otherwise. Then we see

an alternating renewal process,with the beginning of a cycle at the time of each order. In

order to apply Theorem 3.4.4, let D k be i.i.d. with the distribution G. For any y, de�ne

L y := minf n ;
nX

k=1

Dk > S � yg:

Also, let X i � F be i.i.d. independent of D k . Then in each cycle, the number of customers

until the inventory falls below x has distribution equal to that of L x , while the number of

customersin the total cycle has distribution equal to that of L s. Also, in each cycle, the

time until the inventory falls below x has distribution equal to that of
P L x

i =1 X i , while the

total cycle time has distribution equal to that of
P L s

i =1 X i . Thus,

lim
t !1

P
�
X (t) � x

�
=

E
hP L x

i =1 X i

i

E
hP L s

i =1 X i

i =
E [L x ]� F

E[L s]� F
=

E[L x ]
E [L s]

:

Now if NG (�) is the renewal processde�ned by D k , then L y = NG (S � y) + 1, whence

E [L y ] = mG (S � y) + 1 in the notation of the renewal function for NG (�). Thus,

lim
t !1

P
�
X (t) � x

�
=

mG (S � x) + 1
mG (S � s) + 1

:

Of course, this isn't so explicit, but in any case,one can calculate numerically mG (�) by

iterating the renewal equation."7"

. Read pp. 109--119 in the book.
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Example 3.5(b). Supposethat a machine has n components, each of which functions

during the on times of an independent alternating renewal process.More precisely, compo-

nent i functions for an Exp(� i ) time, then is down for an Exp(� i ) time. (Note: I switched

the notation from the book, which gave the means,not the parameters.) The machine as

a whole functions as long as at least one component functions. Note that the breakdowns

of the machine constitute a delayed renewal process.When the periods of functioning are

considered,we seea delayed alternating renewal process.What is the mean time between

breakdowns? What is the mean length of an up period?

#

Solution. Component i hasa limiting down probabilit y (1=� i )=(1=� i + 1=� i ) = � i =(� i + � i ).

Sincethe components operate independently , the limiting down probabilit y of the machine

is the product
Q n

i =1 � i =(� i + � i ). By Theorem 3.4.4, this equals the mean down time

divided by the meancycletime. Now the meancycletime is what wewant to know. By the

memorylessproperty, the down periods have distribution Exp(
P n

i =1 � i ), whencethe mean

down length is 1=
P

i � i . Therefore, the mean cycle time is (
P

i � i
Q n

i =1 � i =(� i + � i ))
� 1.

The mean length of an up period is the di�erence between the mean cycle time and the

mean down period."4"

Supposethat at the nth renewal (i.e., nth event of a renewal process),we receive a

reward Rn . We allow Rn to depend on X n , but assumethat (X n ; Rn ) are i.i.d. The total

reward earnedby time t is

R(t) :=
N (t )X

n =1

Rn :

The stochastic processR(�) is called a renew al-rew ard pro cess. For example,a renewal

processis a renewal-reward process;and a compound Poissonprocessis a renewal-reward

process.

Theorem 3.6.1. If E [jRj] < 1 and E [X ] < 1 , then as t ! 1 , we have

R(t)
t

!
E [R]
E [X ]

a.s.

and
E [R(t)]

t
!

E [R]
E [X ]

:
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Proof. The �rst statement is rather easyto prove, but the 2nd will require somework. For

the �rst, write the quotient as

R(t)
t

=
R(t)
N (t)

N (t)
t

! E [R] �
1

E [X ]
a.s.

by the SLLN, using the fact that N (t) ! 1 as t ! 1 and Proposition 3.3.1.

For the secondstatement, we use truncation, as in the proof of Theorem 3.3.4, the

Elementary Renewal Theorem. In order to do that, we need to decomposeRn as Rn =

R+
n � R�

n , where R �
n � 0. De�ning R � (t) :=

P N (t )
n =1 R�

n , we have R(t) = R+ (t) � R � (t),

so we seethat it su�ces to prove the result when Rn � 0.2"

Assumenow that Rn � 0. We have that f N (t)+ 1 = ng is independent of hR i ; i > ni .

Therefore Wald's equation givesus1"

E

2

4
N (t )+1X

n =1

Rn

3

5 = (m(t) + 1)E [R] :

Sincem(t)=t ! 1=E[X ], the result desired follows if E [RN (t )+1 ]=t ! 0 as t ! 1 . Rather

than show this directly, we take an easierapproach. Namely, this certainly holds if Rn is

bounded. Therefore, given M < 1 , we have

lim inf
t !1

E[R(t)]=t � lim
t !1

E

2

4 1
t

N (t )X

n =1

(Rn ^ M )

3

5 = E [R ^ M ]=E[X ] :

Taking the limit as M ! 1 and using the MCT, we obtain lim inf t !1 E[R(t)]=t �

E [R]=E[X ]. On the other hand, we have1"

lim sup
t !1

E[R(t)]=t � lim
t !1

E

2

4 1
t

N (t )+1X

n =1

Rn

3

5 = lim
t !1

m(t) + 1
t

E [R] = E [R]=E[X ] :

Putting theseinequalities together givesus the desired limit.1"

The reward need not be given exactly at the renewal times. It could accumulate

during the renewal cycle. For example,as long as we de�ne R(t) to lie between
P N (t )

n =1 Rn

and
P N (t )+1

n =1 Rn , then the theorem applies to R(t). This is because,as shown during the

proof,
P N (t )

n =1 Rn =t and
P N (t )+1

n =1 Rn =t have the samelimit.1"

43
c
 1998{2000 by Russell Ly ons. Commercial reproduction prohibited.



Example 3.6(a). Consider an alternating renewal process. Suppose that a reward

accumulates at a unit rate during the on periods, but not during the o� periods. Then

Theorem 3.6.1 tells us that a.s., the long-run proportion of time that the system is on is

equal to the samelimit as in Theorem 3.4.4. So this givesus another way to interpret all1"

our results about alternating renewal processes.It also tells us that the on period during

a cycle neednot be an interval at the beginning of the cycle. Finally , it says that even in

the lattice case,the long-run proportion that the system is on is equal to the samelimit

as in Theorem 3.4.4.

Example 3.6(c). An amusement park ride only starts when there are N passengers

waiting. Passengersarrive at the times of a renewal processwith meaninterarriv al time � .

The management must endure the grumbling of waiting passengers,which it quanti�es as

a cost of c dollars per unit time per waiting passenger.Also, it costsK dollars each time

the ride is started. What is the averagecost per unit time of this operation, and what N

minimizes it?

#

Solution. The mean cycle time is N � and the mean cost during a cycle is, if Sn are the

arrival times, E [
P N

n =1 (SN � Sn )c] + K =
P N

n =1 (N � n)�c + K = c�N (N � 1)=2 + K .

Dividing, we get c(N � 1)=2 + K =(N � ). This is minimized when N is one of the integers

nearest to
p

2K =(c� )."4"

Example PM 7.11. Let X n be the lifetimes of items assumedi.i.d. with c.d.f. F . It may

be that failure of an item is costly, and so replacement is done when an item has reached

ageT if it hasnot yet failed. Supposethat each replacement costscr and each failure costs

an additional cf . Show that the long-run cost per unit time is (a.s. and in mean)

cr + cf F (T)
RT

0 F (x) dx
:

#

Solution. Each replacement constitutes a renewal. The expected cycle length is thus

E [X ^ T] =
Z 1

0
P(X ^ T > x) dx =

Z T

0
F (x) dx ;

while the expected cost during a cycle is cr + cf F (T). Now apply Theorem 3.6.1.
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For example, if X � U[0; a], then the long-run cost rate is (2acr + 2cf T)=(2aT � T2)

for 0 � T � a, and this is minimized at

T
a

= �
cr

cf
+

s �
cr

cf
+ 1

� 2

� 1 :

"4"

. Read pp. 125--126, 128--129, 133--137 in the book.

One way that delayed renewal processesarise is by beginning our observation of a

renewal processat time t, rather than at time 0. Then the �rst renewal time is Y (t) later,

where Y(t) is the residual life at time t. Now if t happens to be large, � < 1 , and X

is non-lattice, then we know that Y (t) is approximately a uniform pick on (0; bX ], where

X � F . Note that from (N3), if X is non-lattice and we de�ne

Fe := the c.d.f. of U[0; bX ) ;

then

Fe(x) =
1
�

Z x

0
F (s) ds

(to seethis, put g := 1[0;x ] in the Key Renewal Theorem). Let's consider a delayed re-

newal processwith initial time U(0; bX ]. This is called the equilibrium renew al pro cess

associated to the original processbecauseof:

Theorem 3.5.2. Let Ne(�) be a non-lattice equilibrium renewalprocess. Then Ne(�) has

stationary incrementsand 8t � 0 me(t) = t=� and Ye(t) � Fe.

Proof. Given s1; s2 � 0, we have by (N1)

L
�

Ne(s1 + s2) � Ne(s1)
�

= lim
t !1

L
�

N (t + s1 + s2) � N (t + s1)
�

= lim
t !1

L
�

N (t + s2) � N (t)
�

= L
�
Ne(s2)

�
;

i.e., Ne(�) has stationary increments.

In particular, me(kt) = kme(t) for all positive integersk and any �xed t. Therefore,1"

by the Elementary Renewal Theorem applied to the equilibrium renewal process,which is

a delayed renewal process,we have me(t)=t = lim k !1 me(kt)=(kt) ! 1=� .

Finally , becausethe increments of Ne(�) are stationary, L
�
Ye(s)

�
= L

�
Ye(0)

�
= Fe.
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Chapter 4

Mark ov Chains

We now go beyond having real-valued random variables. In this chapter, we consider

stochastic processesindexedby N (or Z+ ) and which can takevaluesin a �nite or countable

set called the state space. For simplicit y, the states will be often labelled 0; 1; 2; : : :, but

there may be no numerical signi�cance to the labels.

What replaces independenceof increments is the Mark ovian prop ert y that the

future and the past are independent given the present: given n; r; i 0; i 1; : : : ; i n + r with

P(X n = i n ) > 0,

P
�

X n +1 = i n +1 ; X n +2 = i n +2 ; : : : ; X n + r = i n + r ; X 0 = i 0; X 1 = i 1; : : : ; X n � 1 = i n � 1
�
� X n = i n

�

= P(X n +1 = i n +1 ; : : : ; X n + r = i n + r j X n = i n )P(X 0 = i 0; : : : ; X n � 1 = i n � 1 j X n = i n ) :

This is equivalent to 8n 8i 0; : : : ; i n +1 with P(X 0 = i 0; : : : ; X n = i n ) > 0,

P(X n +1 = i n +1 j X 0 = i 0; : : : ; X n = i n ) = P(X n +1 = i n +1 j X n = i n ) :

(Verify this at home.) The right-hand side is known as a transition probabilit y . The

analogueof stationary increments is that this doesn't depend on n, only on i n and i n +1 :

P(X n +1 = j j X n = i ) =: pij :

In this case,the processis called a (homogeneous) Mark ov chain . From the transition

probabilities and the initial distribution pi := P(X 0 = i ), we can calculate all probabilities:

P(X 0 = i 0; X 1 = i 1; : : : ; X n = i n ) = pi 0 pi 0 i 1 pi 1 i 2 : : : pi n � 1 i n :

3"

It's really better to say that a Markov chain is a collection of probabilit y measuresPi ,

representing the chain when it starts in state i , with the property that

Pi 0 (X 1 = i 1; : : : ; X n � 1 = i n � 1; X n = i n ; X n +1 = i n +1 ; X n +2 = i n +2 ; : : : ; X n + r = i n + r )

= Pi n (X n +1 = i n +1 ; : : : ; X n + r = i n + r )

for all n, r , and i 0; : : : ; i n + r . This avoids problems of pi possibly being 0 for some(even

most) i .
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Example (I.I.D. Trials). If X n are i.i.d., then hX n i is a Markov chain.

Example 4.1(c) (Sums of I.I.D. Z-valued Random Variables). Here, the state

spaceis Z.

Example 4.1(a) (The M/G/1 Queue). Let X n := the number of customers in the

system when the nth customer leaves the system, X 0 := 0. The memorylessproperty of

the arrival stream shows that this is a Markov chain. Now

X n +1 =
�

X n � 1 + Yn +1 if X n � 1,
Yn +1 if X n = 0,

whereYn +1 := the number of arrivals during the period of serviceof the (n+ 1)st customer.

(Note that those customerswho arrive during a free period are not counted by any of the

Yn . Only customerswho have to wait in queueare counted by someYn .) Thus, Yn are

i.i.d. and for j 2 N,

P(Y = j ) = E
h
P(Y = j j servicetime| {z }

Z � G

)
i

= E
h
e� �Z (�Z ) j =j !

i
=

Z 1

0
e� �x (�x ) j

j !
dG(x) :

Thus,

pi =
�

1 if i = 0,
0 otherwise,

p0j =
Z 1

0
e� �x (�x ) j

j !
dG(x) (j � 0);

pi;i � 1+ j = p0j (i � 1; j � 0);

pi;j = 0 (i � 2; j � i � 2):

. Read pp. 163--165 in the book.

Note: In Example 4.1(d), Rosssays that the caseof X i = � 1 is simple random walk.

Usually, this is called \nearest-neighbor random walk" and the term \simple" is reserved

for the casewhen P(X i = 1) = 1
2 . We will not useRoss'sterminology.
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x4.2. Chapman-Kolmogoro v Equations and Classi�cation of States.

Let p(n )
ij be the n-step transition probabilities, i.e.,

p(n )
ij := P(X n = j j X 0 = i ) :

Note that1"

p(n + m )
ij =

X

k

P(X n + m = j; X n = k j X 0 = i )

=
X

k

P(X n = k j X 0 = i )P(X n + m = j j X 0 = i; X n = k)

=
X

k

p(n )
ik p(m )

k j :

Notice that this is matrix multiplication: If P (n ) := (p(n )
ij ), then the above equation is

P (n + m ) = P (n ) P (m ) , whenceP (n ) = P n , where P := (pij ).

We say that state j is accessible from state i if 9n � 0 p(n )
ij > 0. If i and j are

accessiblefrom each other, we say they comm unicate and write i $ j . It is not hard to

check that $ is an equivalencerelation. If there is only oneequivalenceclass,the Markov3"

chain is called irreducible . The perio d of state i is the g.c.d. of f n � 0 ; p(n )
ii > 0g,

written d(i ). If d(i ) = 1, then state i is called aperio dic .

Pr oposition 4.2.2. If i $ j , then d(i ) = d(j ).

Proof. It su�ces to show that d(j )
�
� d(i ). [The symbol

�
� here stands for \divides".] Let

p(s)
ii > 0 and choose m, n such that p(m )

ij > 0 and p(n )
j i > 0. First, we have p(n + m )

j j �

p(n )
j i p(m )

ij > 0, so d(j )
�
� (n + m). Second,we have

p(n + s+ m )
j j p(n )

j i p(s)
ii p(m )

ij > 0;

so d(j )
�
� (n + s + m). Therefore, d(j )

�
� s, so d(j )

�
� d(i ).

Let f (n )
ij be the probabilit y that the �rst* transition into j is at time n when the chain

starts in state i : f (0)
ij := 0 and for n � 1,

f (n )
ij := P

h
X n = j and 8k 2 [1; n � 1] X k 6= j

�
� X 0 = i

i
:

Then f ij :=
P 1

n =1 f (n )
ij is the probabilit y of ever making a transition into state j when the

chain starts in i . We call j recurren t if f j j = 1 and transien t otherwise. The function

G(i; j ) :=
1X

n =0

p(n )
ij ;

the expectednumber of visits to j for the chain started at i , is called the Green function1"

of the Markov chain.

* f stands for \�rst"
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Pr oposition 4.2.3. State j is transient i� G(j; j ) < 1 i� a.s., the number of visits to

j starting from j is �nite.

Proof. Each visit to j is followed (at some time) by another visit to j with probabilit y

f j j . Hence the number of visits is geometric with mean (1 � f j j ) � 1. But we already

know that the mean number of visits to j when the chain starts in j is G(j; j ). Therefore

(1 � f j j ) � 1 = G(j; j ), so that f j j < 1 i� G(j; j ) < 1 i� the geometric distribution of the

number of visits to j has �nite mean and henceis �nite a.s.

Cor ollar y 4.2.4. If i $ j and i is recurrent, then j is recurrent.

Proof. Fix m and n such that p(m )
ij > 0 and p(n )

j i > 0. Then

8s � 0 p(n + s+ m )
j j � p(n )

j i p(s)
ii p(m )

ij ;

whence
P

s p(n + s+ m )
j j � p(n )

j i p(m )
ij G(i; i ) = 1 .

Pr oposition. If i is recurrent and j is accessiblefrom i , then f ij = 1 and i $ j .

Proof. Let X 0 = i and �x n such that p(n )
ij > 0. Let A0 := f X n = j g and let T1 :=

minf k � n ; X k = ig. Let A1 := f X T1 + n = j g and T2 := minf k � T1 + n ; X k = ig. In

general, set A r := f X Tr + n = j g and Tr +1 := minf k � Tr + n ; X k = ig. Then hA r i are

independent and each have probabilit y p(n )
ij , so one of them occurs.

2"

[Actually , we are using something stronger than the Markov property here and in the

proof of Proposition 4.2.3, namely, a special caseof what is called the strong Mark ov

prop ert y. It always holds for discrete time Markov chains, and usually, but not always,

for continuous-time ones. It says the following. Given a Markov chain hX n i , call a ran-

dom variable N with values in N a stopping time if for all n, we have f N = ng 2

�
�
X 0; X 1; : : : ; X n

�
, i.e., there are functions � n : Nn +1 ! f 0; 1g such that N = n i�

� n
�
X 0; X 1; : : : ; X n

�
= 1. Write  (i; B ) := Pi

h�
X 0; X 1; : : :

�
2 B

i
. The strong Markov

property says that if N is a stopping time and B is an event, then

P
� �

X N ; X N +1 ; : : :
�

2 B
�
� X 0; X 1; : : : ; X N

�
=  (X N ; B ) :

In the caseswe are using, X N is a �xed state, so this is easierto interpret. Note that the

conditioning on X 0; X 1; : : : ; X N includes implicitly conditioning on N . The proof of the
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strong Markov property is not hard: Given i 0; i 1; : : : and n with � n (i o; i 1; : : : ; i n ) = 1, we

have

P
� �

X N ; X N +1 ; : : :
�

2 B
�
� N = n; X 0 = i 0; X 1 = i 1; : : : ; X n = i n

�

= P
� �

X n ; X n +1 ; : : :
�

2 B
�
� � n

�
i 0; i 1; : : : ; i n

�
= 1; X 0 = i 0; X 1 = i 1; : : : ; X n = i n

�

= P
� �

X n ; X n +1 ; : : :
�

2 B
�
� X n = i n

�

=  (i n ; B )

by the Markov property and stationarit y.]

An irreducible Markov chain is called transien t or recurren t according as its states

are.

Example 4.2(a). Consider the Markov chain on Z such that, for a given p and all i ,

pi;i +1 = p and pi;i � 1 = 1 � p. If p 6= 1
2 , then the SLLN shows that the chain is transient.

We show that for p = 1=2, it is recurrent. Note that it has period 2. Now

p(2n )
00 =

�
2n
n

�
1

22n :

Stirling's approximation n! �
p

2� n(n=e)n yields

p(2n )
00 �

1
p

� n
; (N1)

whenceG(0; 0) = 1 .

Alternative proof. Let q := 1 � p. Then p(2n )
00 =

� 2n
n

�
pn qn . Now

�
� 1

2

n

�
= (� 1)n

�
2n
n

�
1

22n :

ThereforeG(0; 0) =
P

n � 0

� � 1=2
n

�
(� 4pq)n = (1� 4pq) � 1=2 = j1� 2pj � 1. Thus, G(0; 0) = 1

i� p = 1=2. Also, we seethat f 00 = 2(p ^ q).

One of the most famous theoremsin probabilit y extends this to higher dimensions:

P�ol ya's Theorem. Simple random walk on the lattice Zd is transient i� d � 3.

This follows from:

Pr oposition. For simple random walk on Zd,

p(2n )
00 � 2

� d
4� n

� d=2

as n ! 1 .

Idea of proof: Let N i (n) be the number of steps among the �rst n in direction i . By the

WLLN, N i (2n) � 2n=d and P
�
8i N i (2n)

�
is even ! 2� (d� 1) . Given the valuesof N i (2n),

the d coordinates of X 2n are independent, so the result follows from (N1).
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x4.3. Limit Theorems.

Let � ii denote the expectednumber of transitions neededto return to i starting from

i . Let N j (n) be the number of visits to j by time n. Thesevisits form a delayed renewal

processif j is recurrent. Actually , even when j is transient, the visits form a delayed

renewal process,albeit one with only a �nite number of renewals a.s. Thus, with the

convention that a=1 := 0 for any �nite a, our results on renewal theory give:

Theorem 4.3.1. If i $ j , then

(i) when the Markov chain starts from state i , we have lim
n !1

N j (n)
n

=
1

� j j
a.s.;

(ii) lim
n !1

1
n

nX

k=1

p(k )
ij =

1
� j j

;

(iii) when j is aperiodic, we have lim
n !1

p(n )
ij =

1
� j j

;

(iv) limn !1 p(nd )
j j = d=� j j , where d = d(j ) is the period of j .

The results we are using are: (i) Proposition 3.3.1; (ii) The Elementary Renewal#

Theorem; (iii) and (iv) Blackwell's Renewal Theorem."2"

We call a recurrent state i positiv e recurren t if � ii < 1 and null recurren t

otherwise.

Pr oposition 4.3.2. If i $ j and i is null recurrent, then so is j .

Proof. Let k and ` be such that p(k )
ij > 0 and p( ` )

j i > 0. Let d = d(i ) = d(j ). Sincei is null

recurrent, Theorem 4.3.1(iv) tells us that

0 = lim
n !1

p(nd + k+ ` )
ii � lim sup

n !1
p(k )

ij p(nd )
j j p( ` )

j i = p(k )
ij p( ` )

j i �
d

� j j
;

whence� j j = 1 .

As was the case for renewal processes,stationary Markov chains arise from limit-

ing probabilities used as initial distributions. Recall that hX n i is stationary if 8k � 0

hX n ; X n +1 ; : : : ; X n + k i has a joint distribution that is the samefor each n. The homoge-

neousMarkov property shows that this follows for all k if it holds for k = 0 and n 2 f 0; 1g:

8j pj = P(X 0 = j ) = P(X 1 = j ) =
1X

i =0

P(X 0 = i; X 1 = j )

=
1X

i =0

pi pij :

We call an initial distribution hpj i stationary if this holds.4"
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Theorem 4.3.3. Consider an irr educible aperiodic Markov chain and write

� j := lim
n !1

p(n )
ij = 1=� j j :

The following are equivalent:

(i) positive recurrence;

(ii) 9 a stationary probability distribution;

(iii) h� j i is the unique stationary probability distribution.

In this case, if x i > 0 and 8j x j =
P

i x i pij , then c :=
P

j x j < 1 and 8i x i = c� i .

Lemma (Fatou's Lemma f or Series). If � n (j ) � 0, lim n !1 � n (j ) = � (j ), and

limn !1
P

j � n (j ) = � , then � �
P

j � (j ).

Proof. 8J
P

j � J � (j ) = limn
P

j � J � n (j ) � limn
P 1

j =0 � n (j ) = � , so
P 1

j =0 � (j ) � � .

Lemma (LDCT f or Series). If j� n (j )j � � (j ),
P 1

j =0 � (j ) < 1 , and limn !1 � n (j ) =

� (j ), then

lim
n !1

1X

j =0

� n (j ) =
1X

j =0

� (j ) :

Proof. We have

�
�
�

1X

j =0

� n (j ) �
1X

j =0

� (j )
�
�
� �

1X

j =0

�
�
� � n (j ) � � (j )

�
�
� �

JX

j =0

�
�
� � n (j ) � � (j )

�
�
� +

X

j >J

2� (j ) :

2"

Proof of Theorem 4.3.3. (i ) ) (ii ): We have � j > 0 and

p(n +1)
ij =

X

k

p(n )
ik pk j =) � j �

X

k

� k pk j

by Fatou's Lemma. Since
P

j p(n )
ij = 1, Fatou's Lemma also gives0 <

P 1
j =0 � j � 1. Thus

P
j � j �

P
j

P
k � k pk j =

P
k � k

P
j pk j =

P
� k , whence8j � j =

P
k � k pk j . Therefore,1"

pi := � i =
P

� j form a stationary probabilit y distribution.

(ii ) ) (iii ): If hpi i is any stationary probabilit y distribution, then 8n pj =
P 1

i =0 pi p
(n )
ij ,2"

whenceby the LDCT, pj =
P 1

i =0 pi � j = � j . That is, h� j i is a stationary probabilit y dis-

tribution and is unique.

(iii ) ) (i ) sincesome� j > 0.

Finally , in the case of positive recurrence and x j =
P

i x i pij , we have 8n x j =
P

i x i p
(n )
ij (as [x j ] is a left eigenvector for P), so x j �

P
i x i � j = c� j . This meansthat2"

c < 1 , whencethe LDCT givesx j = c� j .
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In the irreducible positive recurrent periodic case,the unique stationary probabilit y

distribution is still � j := 1=� j j = limn !1 p(nd )
j j =d. SeeExercise 4.17, p. 221 (solution in

the back of the book).

Example Simple Random Walk on Z. This is null recurrent. If not and if h� j i is

the unique stationary probabilit y distribution, then h� j +1 i is also a stationary probabilit y

distribution. Therefore � j = � j +1 for all j . But this is impossiblesincethey add to 1.2"

Example 4.4(a) (The Gambler 's Ruin Pr oblem). A gambler needs$N but hasonly

$i (1 � i � N � 1). He plays gamesthat give him chancep of winning $1 and q := 1 � p

of losing $1 each time. When his fortune is either $N or 0, he stops. What is his chance

of success?

#

Solution. The gambler's fortune is a Markov chain on f 0; 1; : : : ; N g. Let f i be the proba-

bilit y of success.Then f 0 = 0, f N = 1, and

for 1 � i � N � 1 f i = pf i +1 + qf i � 1 ;

which gives

f i +1 � f i =
q
p

(f i � f i � 1) :

Therefore

f i +1 � f i =
� q

p

� i
(f 1 � f 0) =

� q
p

� i
f 1 :

To determine f 1, add theseup:

1 = f N =
N � 1X

i =0

(f i +1 � f i ) =
N � 1X

i =0

� q
p

� i
f 1 ;

so

f 1 = 1
. N � 1X

i =0

� q
p

� i
:

By adding only the equations for f 2 � f 1; f 3 � f 2; : : : ; f i � f i � 1, we get

f i =
i � 1X

j =0

� q
p

� j . N � 1X

j =0

� q
p

� j
:

For example,when p = 1
2 , we have f i = i=N ."6"

For an application, seeExercise4.30, p. 224 (with answer in the back).
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x4.5. Branc hing Pro cesses.

An individual has k children with probabilit y pk ,
P 1

k=0 pk = 1. These reproduce

independently according to the sameo�spring distribution. Let Zn be the sizeof the nth

generation. Clearly Zn is a Markov chain, called a Galton-W atson branc hing pro cess.

The initial state Z0 is usually assumedto be 1.

This was intro duced in order to study British family names. It is also of interest in

biology, chain reactions,electronmultipliers, and analysisof variousprobabilistic processes.

Many many variations have been(and continue to be) studied.

Let L be a random variable with P[L = k] = pk and let f L (n )
i ; n; i � 1g be indepen-

dent copiesof L , so that Zn +1 =
P Z n

i =1 L (n +1)
i . The probabilit y generating function

(p.g.f.) of L is

f (s) := E [sL ] =
X

k � 0

pk sk :

Pr oposition. The p.g.f. of Zn is f (n ) := f � � � � � f
| {z }

n times

.

Proof. E [sZ n ] = E
h
E

�
s
P Z n � 1

i =1
L ( n )

i
�
� Zn � 1

� i
= E

hQ Z n � 1
i =1 E[sL ]

i
= E [f (s)Z n � 1 ]. Apply

this n times.

Write q := P(Zn ! 0) = P(9n Zn = 0).

Cor ollar y. q = limn !1 f (n ) (0).

Proof. q = lim n P(Zn = 0) = limn f (n ) (0).

Looking at a graph of f , which is increasingand convex, we seethat

Pr oposition. Provided p1 6= 1, we haveq = 1 ( ) f 0(1) � 1 and q is the smallest root

of f (s) = s in [0; 1] | the only other possibleroot being 1.

Note that f 0(1) = E [L ] =: m, the mean number of o�spring per individual.

x4.6. Applications of Mark ov Chains.
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x4.6.1. A Mark ov Chain Mo del of Algorithmic E�ciency .

Certain optimization algorithms move from a point to a better point. How long do

they take? We model this as follows. There are a known number of states, N , and we

start at the worst one. Each step choosesrandomly uniformly among the better states.

We will analyzeTN , the number of stepsuntil the best state is reached. Note that

TN =
N � 1X

j =1

I j ;

where I j := indicator of ever being in the j th best state.

Lemma 4.6.1. I 1; � � � ; I N � 1 are independent and P[I j = 1] = 1=j .

Proof. It su�ces to show that

P
�
I j = 1 j I j +1 ; � � � ; I N � 1

�
=

1
j

:

Now, given I j +1 ; � � � ; I N � 1, let n := minf k > j ; I k = 1g. Then

P[I j = 1 j I j +1 ; � � � ; I N � 1] =
P[I j = 1; I j +1 = 0; � � � ; I n � 1 = 0 j I n = 1]

P[I j +1 = 0; � � � ; I n � 1 = 0 j I n = 1]

=
1=(n � 1)
j =(n � 1)

=
1
j

:

Pr oposition 4.6.2. E [TN ] =
P N � 1

j =1 1=j , Var(TN ) =
P N � 1

j =1 (1=j )(1 � 1=j ), and

TN � logN
p

logN
) N(0; 1) :

Proof. Use Lindeberg's CLT.

(Note: the book says that TN � Pois(logN ). This is also true. On the other hand,

Probability Models givesthe normal limit!)
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x4.7. Time-Rev ersible Mark ov Chains.

The de�nition of Markov shows that given a �nite time N , the sequence

X N ; X N � 1; � � � ; X 0

arises from N steps of a possibly nonhomogeneousMarkov chain. Now, the transition

probabilities are

P
�
X m = j j X m +1 = i

�
=

P[X m = j; X m +1 = i ]
P[X m +1 = i ]

=
P[X m +1 = i j X m = j ]P[X m = j ]

P[X m +1 = i ]
:

Therefore, if hX n i is stationary, i.e., P [X 0 = i ] = � i (the stationary probabilities, if they

exist), then the transition probabilities

P[X m = j j X m +1 = i ] = � j pj i =� i =: p�
ij

are homogeneous. Since P[X k = i ] = � i , the reversed chain has the same stationary

probabilities. If it happensthat 8i; j p�
ij = pij , then the Markov chain is called rev ersible .

This can be written as

8 i; j � i pij = � j pj i :

If the chain is irreducible and 9x i � 0 such that
P

x i = 1 and 8i; j x i pij = x j pj i , then

actually x i = � i and so the chain is reversible since

8j
X

i

x i pij =
X

i

x j pj i = x j :

We can also write wij := � i pij , so that wj i = wij and

8i
X

j

wij =
X

j

� i pij = � i ;

whence pij = wij =
P

k wik . Conversely, if 9wij = wj i with w :=
P

i;j wij < 1 and

pij = wij =
P

k wik , then set wi :=
P

k wik and

� i :=
wiP
` w`

=
wi

w
:

We have

� i pij =
wi

w
�

wij

wi
=

wij

w
=

wj i

w
= � j pj i ;

so the chain is reversible with thesestationary probabilities.

Note that this is the sameas a random walk on a graph with weighted edges.
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To �nd a condition for reversibilit y not requiring �nding numbers x i or wij , consider

pij

pj i
=

� j

� i
:

This meansthat around any cycle i 0 i 1 : : : i n i n +1 = i 0, we have

nY

j =0

pi j ;i j +1

pi j +1 ;i j

=
nY

j =0

� i j +1

� i j

= 1:

Conversely, if this holds and the chain is irreducible, then we may de�ne numbers x ` by

x0 arbitrary and

x ` := x0

k � 1Y

j =0

pi j ;i j +1

pi j +1 ;i j

for any path 0 = i 0; i 1; � � � ; i k = ` since any two paths give the samevalue. This implies

that x i pij = x j pj i , so x j =
P

i x j pj i =
P

i x i pij . By our version of Theorem 4.3.3, if the

chain is positive recurrent, this means
P

x j < 1 and x j = � j
P

i x i , so � i pij = � j pj i .

Thus, we have proved

Theorem 4.7.1. An irr educible stationary Markov chain is reversiblei� for any cycle

i 0 i 1 : : : i n i n +1 = i 0, we have
nY

j =0

pi j ;i j +1

pi j +1 ;i j

= 1: (N2)

In fact, weextendthe notion of reversibilit y beyond positiverecurrent chains to include

all those Markov chains for which 9x i > 0 8i; j x i pij = x j pj i . We still have pij = wij =xi

if wij := x i pij = wj i , but it may be that
P

x i = + 1 . Likewise, if wij = wj i are given

with 8i x i :=
P

j wij < 1 and pij = wij =xi , then the chain is reversible. Theorem 4.7.1

extends to say that any irreducible Markov chain is reversible i� (N2) holds for all cycles.

Furthermore, the chain has a stationary probabilit y distribution i�
P

x i < 1 (i.e., the

sum of the weights is �nite) by Theorem 4.3.3.

Example 4.7(a). Any nearest-neighbor random walk on Z or on a tree.

Example: Simple random walk on any graph, such as the lattice Zd. If the graph is

in�nite, then simple random walk is not positive recurrent.
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Suppose we toss a fair coin repeatedly. What is the expected number of

tosses until the number of heads and tails are equal?

We will later study reversibilit y in continuous time and seethat certain di�usions,

including Brownian motion, are reversible.

We now show that electrical networks are intimately connectedto reversible Markov

chains. The states i will now be vertices x and the weights wij of edgeswill now be

conductancesCxy .

Let G be a �nite connected graph, x a vertex of G, and A, Z disjoint subsetsof

vertices of G. Let TA be the �rst time that the random walk visits (\hits") somevertex in

A; if the random walk happensto start in A, then this is 0. Occasionally, we will useT +
A ,

which is the �rst time after 0 that the walk visits A; this is di�eren t from TA only when

the walk starts in A. Usually A and Z will be singletons. Often, all the edgeweights are

equal; we call this casesimple random walk .

Consider the probabilit y that the random walk visits A beforeit visits Z asa function

of its starting point x:

F (x) := P x [TA < TZ ] : (N3)

We use � to denote the restriction of a function to a set. Then clearly F � A � 1, F � Z � 0,

and for x 62A [ Z ,

F (x) =
X

y

P x [�rst step is to y]P x [TA < TZ j �rst step is to y]

=
X

x � y

pxy F (y) =
1

� x

X

x � y

Cx;y F (y) ;

where x � y indicates that x, y are adjacent in G. In the special caseof simple random

walk, this equation becomes

F (x) =
1

degx

X

x � y

F (y) ;

where degx is the degreeof x, i.e., the number of edgesincident to x. That is, F (x) is

the averageof the valuesof F at the neighbors of x. In general, this is still true, but the

averageis taken with weights. We say that F is harmonic at such a point. Now harmonic

functions satisfy a maximum principle: For H � G, write H for the set of vertices that are

either in H or are adjacent to somevertex in H . When we say that a function is de�ned

on a graph, we mean that it is de�ned on its vertex set.
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Maximum Principle. If H � G, H is connected, f : G ! R, f is harmonic on H , and

max f � H = max f , then f � H � max f .

Proof. Let K := f y 2 H ; f (y) = max f g. Note that if x 2 H , x � y, and f (x) = max f ,

then f (y) = max f by harmonicity of f at x. Thus, K \ H = K . SinceH is connected,it

follows that K = H .

This leadsto the

Uniqueness Principle. If H ( G, f ; g : G ! R, f ; g are harmonic on H , and

f � (G n H ) = g� (G n H ), then f = g.

Proof. Let h := f � g. We claim that h � 0. This su�ces to establish the corollary since

then h � 0 by symmetry, whenceh = 0.

Now h = 0 o� H , so if h 6� 0 on H , then h is positive somewhereon H , whence

maxh� H = maxh. Therefore,accordingto the maximum principle, h is a positiveconstant

on the closure of some component K of H . In particular, h > 0 on the non-empty set

K n K . However, K n K � G n H , whenceh = 0 on K n K . This is a contradiction.

Thus, the harmonicity of the function x 7! P x [TA < TZ ] (together with its values

where it is not harmonic) characterizesit.

Existence Principle. If H ( G and f 0 : G n H ! R, then 9f : G ! R such that

f � (G n H ) = f 0 and f is harmonic on H .

Proof. Let X be the �rst vertex in G n H visited by the corresponding random walk. Set

f (x) := Ex [f 0(X )].

This is the solution to the so-calledDirichlet problem. The function F of (N3) is the

particular caseH = G n (A [ Z ), f 0� A � 1, and f 0� Z � 0.

In fact, we could have immediately deducedexistencefrom uniquenessor vice versa:

The Dirichlet problem on a �nite graph consistsof a �nite number of linear equations,one

for each vertex in H . Sincethe number of unknowns is equal to the number of equations,

we get the equivalenceof uniquenessand existence.

In order to study the solution to the Dirichlet problem, especially for a sequence

of subgraphs of an in�nite graph, we will discover that electrical networks are useful.

Electrical networks, of course,have a physical meaningwhoseintuition is useful to us, but

also they can be usedas a rigorous mathematical tool.

Mathematically, an electrical network is just a weighted graph. But now we call the

weights of the edgesconductances ; their reciprocals are called resistances . We hook

up a battery or batteries (this is just intuition) betweenA and Z so that the voltage (or
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poten tial ) at every vertex in A is 1 and in Z is 0 (more generally, so that the voltageson

G n H are given by f 0). Voltages V are then establishedat every vertex and curren t I

runs through the edges. These functions are implicitly de�ned and uniquely determined,

as we will see,by two \la ws":

Ohm's Law : If x � y, the current 
o wing from x to y satis�es (Vx � Vy ) =

I xy Rxy .

Kirc hho� 's No de Law: The sum of all currents 
o wing out of a given vertex

is 0, provided the vertex is not connectedto a battery.

Physically, Ohm's law, which is usually stated asV = I R in engineering,is an empiri-

cal statement about linear responseto voltage di�erences | certain components obey this

law over a large range of voltage di�erences. Kirchho� 's node law expressesthe fact that

charge doesnot build up at a node (current being charge per unit time). If we add wires

corresponding to the batteries, then the proviso in Kirchho� 's node law is unnecessary.

Mathematically, we'll takeOhm's law to bethe de�nition of current in terms of voltage.

In particular, I xy = � I yx . Then Kirchho� 's node law presents a constraint on what kind

of function V can be. Indeed, it determines V uniquely: Current 
o ws into G at A and

out at Z . Thus, we may combine the two laws on G n (A [ Z ) to obtain

8x 62A [ Z 0 =
X

x � y

I xy =
X

x � y

(Vx � Vy )Cxy ;

or

Vx =
1

� x

X

x � y

Cxy Vy :

That is, V� is harmonic on G n (A [ Z ). Since V � A � 1 and V � Z � 0, it follows that

V = F ; in particular, we have uniquenessand existenceof voltages. The voltage function

is just the solution to the Dirichlet problem.

Supposethat A = f ag is a singleton. What is the chancethat a random walk starting

at a will hit Z before it returns to a? Write this as

P[a ! Z ] := P a [TZ < T+
f ag] :
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Imposea voltage of Va at a and 0 on Z . SinceV� is linear in Va , we have that P x [Tf ag <

TZ ] = Vx =Va , whence

P[a ! Z ] =
X

x

pax

�
1 � P x [Tf ag < TZ ]

�
=

X

x

Cax

� a
(1 � Vx =Va)

=
1

Va � a

X

x

Cax (Va � Vx ) =
1

Va � a

X

x

I ax :

In other words,

Va =
P

x I ax

� aP[a ! Z ]
:

Since
P

x I ax is the total amount of current 
o wing into the circuit at a, we may regard the

entire circuit betweena and Z as a single conductor of net, or e�ectiv e, conductance

Ce� := � aP[a ! Z ] =: C(a $ Z ) ; (N4)

where the last notation indicates the dependenceon a and Z . We de�ne the e�ectiv e

resistance R(a $ Z ) to be its reciprocal. One answer to our question above is thus

P[a ! Z ] = C(a $ Z )=� a . Later, we will seesomeways to compute e�ectiv e conductance.

Now the number of visits to a before hitting Z is a geometric random variable with

mean P[a ! Z ]� 1 = � aR(a $ Z ). This generalizesas follows. Let G(a; x) be the

expected number of visits to x strictly before hitting Z by a random walk started at a.

Thus, G(a; a) = � aR(a $ Z ) and G(a; x) = 0 for x 2 Z . The function G(�; �) is the Green

function for the random walk absorbed on Z .

Theorem (Green Function = Vol t age). When a voltage is imposed so that a unit

current 
ows from a to Z , then Vx = G(a; x)=� x for all x.

Proof. We have just shown that this is true for x 2 f ag [ Z , so it su�ces to establish

that G(a; x)=� x is harmonic elsewhere. But by Exercise 50, we have that G(a; x)=� x =

G(x; a)=� a and the harmonicity of G(x; a) is establishedjust as for the function of (N3).

Given that we have two probabilistic interpretations of voltage, we naturally wonder

whether current has a probabilistic interpretation. We might guessone by the following

unrealistic but simple model of electricity: positive particles enter the circuit at a, they

do Brownian motion on G (taking longer to pass through small conductors) and, when

they hit Z , they are removed. The net 
o w of particles acrossan edgewould then be the

current on that edge. It turns out that in our mathematical model, this is correct:
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Pr oposition (Interpret ation of Current). Start a random walk at a and absorb

it when it �rst visits Z . For x � y, let Sxy be the number of transitions from x to y. Then

E[Sxy ] = G(a; x)pxy and E[Sxy � Syx ] = I xy , where I is the current in G when a potential

is applied between a and Z in such a way that unit current 
ows in at a.

Note that we count a transition from y to x when y 62Z but x 2 Z , although we do

not count this as a visit to x in computing G(a; x).

Proof. We have

E[Sxy ] = E

"
1X

k=0

1f X k = x g1f X k +1 = yg

#

=
1X

k=0

P [X k = x; X k+1 = y]

=
1X

k=0

P [X k = x] pxy = E

"
1X

k=0

1f X k = x g

#

pxy = G(a; x)pxy :

Henceby the precedingtheorem, we have 8x; y,

E[Sxy � Syx ] = G(a; x)pxy � G(a; y)pyx =
�

G(a; x)
� x

�
G(a; y)

� y

�
Cxy = (Vx � Vy )Cxy = I xy :

E�ectiv e conductance is a key quantit y becauseof the following relationship to the

questionof transienceand recurrencewhenG is in�nite. For an in�nite graph G, weassume

that there are only a �nite number of edgesincident to each vertex. But we allow more

than one edgebetween a given pair of vertices: each such edgehas its own conductance.

Loops are also allowed (edgeswith only one endpoint), but these may be ignored since

they only delay the random walk. Strictly speaking, then, G may be a multigraph , not

a graph. However, we will ignore this distinction.

Let hGn i be any sequenceof �nite subgraphsof G that exhaust G, i.e., Gn � Gn +1

and G =
S

Gn . Let Zn be the set of vertices in G nGn . (Note that if Zn is contracted to a

point, the graph will have �nitely many verticesbut may have in�nitely many edges.)Then

for any a 2 G, the limit limn P[a ! Zn ] is the probabilit y of never returning to a in G |

the escape probabilit y from a. This is positive i� the random walk on G is transient. By

(N4), limn !1 C(a $ Zn ) hasthe sameproperty. We call lim n !1 C(a $ Zn ) the e�ectiv e

conductance from a to 1 in G and denote it by C(a $ 1 ) or, if a is understood, by

Ce� . Its reciprocal, e�ectiv e resistance , is denoted Re� . We have shown:
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Theorem (Transience Equiv alent to Finite Effective Conduct ance). Ran-

dom walk on a connected network is transient i� the e�ective conductance from any of its

vertices to in�nity is positive.

How do we calculate e�ectiv e conductanceof a network? Since we want to replace

a network by an equivalent single conductor, it is natural to attempt this by replacing

more and more of G through simple transformations. There are, in fact, three such simple

transformations, series,parallel, and star-triangle, and it turns out that they su�ce to

reduceall �nite planar networks by a theorem of Epifanov.

I. Series. Two resistorsR1 and R2 in seriesare equivalent to a single resistor R1 + R2. In

other words, if v 2 G n (A [ Z ) is a node of degree2 with neighbors u1; u2 and we replace

the edges(ui ; v) by a singleedge(u1; u2) having resistanceRu1 v + Rvu2 , then all potentials

and currents in G n f vg are unchanged and the current that 
o ws from u1 to u2 equals

I u1 v .

vu u1 2

Proof. It su�ces to check that Ohm's and Kirchho� 's laws aresatis�ed on the new network

for the voltagesand currents given. This is easy.

I I. Parallel . Two conductors C1 and C2 in parallel are equivalent to one conductor

C1 + C2. In other words, if two edgese1 and e2 that both join vertices v1; v2 2 G are

replacedby a single edgee joining v1; v2 of conductanceCe := Ce1 + Ce2 , then all voltages

and currents in G n f e1; e2g are unchangedand the current I e equalsI e1 + I e2 . The same

is true for an in�nite number of edgesin parallel.

v

e

e

1

2

1 v2
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Proof. Check Ohm's and Kirchho� 's laws with I e := I e1 + I e2 .

Example (Gambler 's Ruin). Consider simple random walk on Z. Let 0 � k � n.

What is P k [T0 < Tn ]? It is the voltage at k when there is a unit voltage imposedat 0 with

0 voltage at n. If we replace the resistors in seriesfrom 0 to k by a single resistor with

resistancek and the resistors from k to n by a single resistor of resistancen � k, then the

voltage at k does not change. But now this voltage is simply the probabilit y of taking a

step to 0, which is thus (n � k)=n.

Example: Suppose that each edge in the following network has equal conductance.

What is P[a ! z]? Following the transformations indicated in the �gure, we obtain

C(a $ z) = 7=12, so that

P[a ! z] =
C(a $ z)

� a
=

7=12
3

=
7
36

:

1

1
1

1
1

1

1/4

1/3
1

1

1
1

1

1/2

1

1

1
1

1
1

11

1

a z a
z

a za z

a z

1

7/12

1/2

1/2

1

1

1/2

1/2
1/2

1/2

1/2

Example: What is P[a ! z] in the following network?

1

1

1
1

1

1

1a z
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There are 2 ways to deal with the vertical edge:

(1) Remove it: by symmetry, the voltagesat its endpoints areequal,whenceno current


o ws on it.

(2) Contract it, i.e., remove it but combine its endpoints into one vertex (we could

alsocombine the other two unlabelled verticeswith each other): the voltagesare the same,

so they may be combined.

In either case,we get C(a $ z) = 2=3, whenceP[a ! z] = 1=3.

I I I. Star-triangle . The con�gurations below are equivalent when

8i 2 f 1; 2; 3g Cuv i Cv i � 1 v i +1 = 
 ;

where indices are taken mod 3 and


 :=

Q
i Cuv iP
i Cuv i

=

P
i Rv i � 1 v i +1Q
i Rv i � 1 v i +1

:

We won't prove this equivalence.

v1

v3

v

u

2

v

v

v
1 2

3

Actually , there is a fourth trivial transformation: we may prune (or add) vertices of

degree1 (and attendant edges)as well as loops.

Either of the transformations star-triangle or triangle-star can also be usedto reduce

the network in the precedingexample.

Example: What is P x [� a < � z ] in the following network?

Following the transformations indicated in the �gure, we obtain

P x [� a < � z ] =
10=33

10=33+ 15=22
=

4
13

:

65
c
 1998{2000 by Russell Ly ons. Commercial reproduction prohibited.



1/3

1/11

3/11

1/2

1/3

1

1/3

1/2

a

z

1

a

z

x

a
x

z

a z

x

1/11

15/22

2/11

1/2

1

1

1

1

1

1

1

1

1

1

x

20/33

Theorem. For any positive recurrent Markov chain and any states a 6= z,

Ea[time to �rst return to a that occurs after Tz ] = EaTz + EzTa =
1

� aPa [Tz < T+
a ]

:

If the chain is reversible, this equals w=C(a $ z) [where w =
P

x wx =
P

x

P
x � y wxy =

2
P

x � y wxy ].

Proof. Pa

h
Tz < T+

a

i
= rate of commutes to z among excursionsfrom a

=
rate of commutes to z among steps

rate of excursionsfrom a among steps
=

1=expected commute time
� a

:

In the reversible case,use(N4) and the fact that � a = wa=w.

Another important conceptconcernsenergy, but we omit it in favor of simply reciting

someof its consequences.

Rayleigh's Monotonicity Law. If C and C0 are two assignmentsof conductanceson

the samegraph and C � C0 on each edge, then C(a $ Z ) � C0(a $ Z ) for any a, Z .

Cor ollar y. If C � C0 (i.e., 9k1; k2 k1C � C0 � k2C on each edge), then the corre-

sponding random walks are both transient or both recurrent.

To generalizethis, given two networks G, G0 with conductanceC, C0, call a map �

from the vertices of G to those of G0 bounded if 9k < 1 9 map � on edgesof G such

that

(i) 8 edge(v; w) 2 G, �( v; w) is a path of edgesjoining � (v) and � (w) with
X

e02 �( v ;w )

C0(e0) � 1 � kC(v; w) � 1; and

(ii) 8 edgee0 2 G0, there are � k edgesin G whoseimage under � contains e0.

[Think of resistancesas lengths of edges.]
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Example: G � G0, � = inclusion, C � kC0. We call two networks roughly equiv alen t

if there are bounded maps in both directions.

Theorem (Kanai). Two roughly equivalent networks are both transient or both recur-

rent. In fact, if there is a bounded map from G to G0 and G is transient, then G0 is

transient.

New proof of P�olya's Theorem in Z2. In Z2, short together all (x; y) with constant jxj _ jyj.

This is recurrent since
P 1

n = 1 .

Give idea for Z3. Talk about continuous case (spherical symmetry helps).

Give spherically symmetric tree examples.
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Chapter 5

Con tin uous-Time Mark ov Chains

We will do only xx2{5.

x5.2. Con tin uous-Time Mark ov Chains.

This section consistsof de�nitions.

A stochastic processwith time being an interval in R is called Mark ov if the future

and past are independent given the present: 8t f X (t + s) ; s > 0g and f X (t � s) ; s > 0g

are independent given X (t). If the number of states is countable, the processis called

a chain . We then identify the states with N. We will deal only with Markov chains

that do not have instantaneous states and are right continuous, i.e., with probabilit y 1

8i 2 N 8t X (t) = i ) 9" > 0 8s 2 (0; " ) X (t + s) = i . We also assumehomogeneous

transition probabilities pij (s) := P[X (t + s) = j j X (t) = i ].

By the Markov property, the time spent in each state is a memorylessrandom variable,

henceis an exponential random variable with rate � i . Let the probabilit y distribution of

the next state visited be Pij ; the next state is independent of the time spent in i by the

Markov property again. This givesa constructive view of a continuous time Markov chain:

usea timer at each state; when it rings, move according to a discrete-time Markov chain.

However, there is a di�cult y: what if we make an in�nite number of transitions in a �nite

time period? Example: Pi;i +1 = 1, � i = i 2. If � i is the time spent in i , then

E [� i ] =
1
i 2 ; so E

� X
� i

�
< 1 ;

so
P

� i < 1 a.s. The paradox of Lincoln's penny. We will not treat such chains,

only regular ones,i.e., onesde�ned on [0; 1 ) that with probabilit y 1 make only a �nite

number of transitions in [0; N ) for every N .

Another construction of continuous-time Markov chains is as follows. Let qij := � i Pij

for i 6= j . This is the transition rate from i to j . We could have at state i timers

with rates qij ; the �rst to ring determines the next state: from Problem 1.34, p. 53, the

probabilit y of being the �rst to ring is proportional to the rate.
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x5.3. Birth and Death Pro cesses.

In casePij = 0 for ji � j j > 1, the chain is called a birth and death pro cess.

We think of the state as representing the size of a population. Let the birth rates be

� i := qi;i +1 and the death rates be � i := qi;i � 1.

If there are no deaths, the processis called a pure birth pro cess. The Poisson

process,� n = � for n � 0, is such a process.Another is the Yule pro cess, where � n = n�

for n � 0.

Example 5.3(a).

(i) Let X (t) be the number of people in the system of an M/M/ s queue,where arrivals

have rate � and servicehas rate � . Then � n = � for n � 0, � n = n� for 1 � n � s,

and � n = s� for n > s.

(ii) A linear growth processwith immigration assumesthat each individual in the popula-

tion givesbirth at exponential rate � and diesat rate � , while there is alsoimmigration

at rate � . Thus � n = n� + � for n � 0 and � n = n� for n � 1.

x5.4. The Kolmogoro v Di�eren tial Equations.

A pure birth processis the easiest to analyze, since it can always be reduced to a

sum of independent (though not necessarilyidentically distributed) random variables. For

other processes,we require new tools.

Recall that pij (t) = P[X (s + t) = j j X (s) = i ]. There are two sets of di�eren tial

equations that thesefunctions satisfy, obtained by conditioning on intermediate states.

Lemma. Given X (0) = i , the probability of � 2 transitions in (0; t] is o(t).

Proof. Fix " > 0. Since
P

j qij = � i < 1 , we may chooseN such that

X

j >N

qij < "

and then t0 > 0 such that X

j � N

qij � j t0 < " :

We claim that for t < t0,

P
�
� 2 transitions in (0; t]

�
< 2"t :

Note that

8t P
�
� 1 transition in (0; t]

�
= 1 � e� � i t � � i t
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by the inequality e� x � 1 � x that we've used before. Likewise,the probabilit y that the

�rst transition is to state j and it occurs by time t can be bounded by the probabilit y

that the �rst event in a Poisson processof rate qij occurs by time t, so it is at most

1 � e� qij t � qij t. Thus, for t < t0,

P
�
� 2 transitions in (0; t]

�
� P

�
� 2 transitions in (0; t] with the �rst to j � N

�

+ P
�
� 1 transition in (0; t] to somej > N

�

�
X

j � N

qij t � � j t +
� X

j >N

qij
�
t < 2"t :

Lemma. For all i; j and for all t > 0, we have

lim
h! 0+

pij (t � h) = pij (t) :

Proof. Since

pii (h)pij (t � h) � pij (t) � pii (h)pij (t � h) + [1 � pii (h)] ;

we obtain

lim sup
h! 0+

pij (t � h) � pij (t) � lim inf
h! 0+

pij (t � h) :

Theorem 5.4.3 (K olmogor ov's Ba ckw ard Equa tions). 8i; j; t

p0
ij (t) =

X

k6= i

qik pk j (t) � � i pij (t) :

This can be written with matrices as

P0(t) = QP(t) ;

where P(t) := (pij (t)) i;j , Q := (qij ) i;j , and

qii := � � i = the negative of the rate of transition out of i :

Proof. Let N (h) be the number of transitions in (0; h]. Let Y be the �rst state after the

initial state. Then

Pi [N (h) = 0] = e� � i h = 1 � � i h + o(h) and Pi [N (h) � 2] = o(h)
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by the �rst lemma, so that

Pi [N (h) = 1] = � i h + o(h) :

Therefore

pij (t + h) = pij (h + t) = Pi
�
X (h + t) = j j N (h) = 0)(1 � � i h)

+ Pi
�
X (h + t) = j j N (h) = 1)� i h + o(h)

= pij (t)(1 � � i h) +
X

k6= i

Pi
�
X (h + t) = j j Y = k; N (h) = 1

�
�

� Pi
�
Y = k j N (h) = 1

�
� i h + o(h)

= pij (t)(1 � � i h) +
X

k6= i

pk j (t)Pi
�
Y = k j N (h) = 1

�
� i h + o(h) :

Now

Pi
�
Y = k j N (h) = 1

�
= Pi

�
Y = k; N (h) = 1

�
=Pi

�
N (h) = 1

�

is, on the onehand, boundedby qik h=(� i h+ o(h)) = Pik =(1+ o(1)) and, on the other hand,

equals Z h

s=0
qik e� qik s exp

�
�

X

` 6= i;k

qi` s
	

exp
�

� � k (h � s)
	

ds=(� i h + o(h))

which convergesto qik =� i = Pik . Therefore, the LDCT for seriesgives

pij (t + h) = pij (t)(1 � � i h) +
X

k6= i

pk j (t)Pi
�
Y = k j N (h) = 1

�
� i h + o(h)

= pij (t)(1 � � i h) +

0

@
X

k6= i

Pik pk j (t) + o(1)

1

A � i h + o(h) ;

whence
pij (t + h) � pij (t)

h
= � � i pij (t) +

X

k6= i

Pik pk j (t)� i + o(1) :

It follows that the right-hand derivative is as in the equation.

For the left-hand derivative, substitute t � h for t:

pij (t) � pij (t � h)
h

= � � i pij (t � h) +
X

k6= i

Pik pk j (t � h)� i + o(1) :

Use of the secondlemma with the LDCT for seriesconcludesthe proof.
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Remark. If a continuous function has a continuous right-hand derivative, then it is

di�eren tiable. See,e.g., Billingsley, Probability and Measure, Appendix [A22].

The name \backward equations" arises becausewe conditioned all the way back to

time h. The forward equations come from a more natural conditioning, yet are more

di�cult to establish | indeed, they do not always hold. The forward equations arise as

follows. Since

pij (t + h) =
X

k

pik (t)pk j (h) (h > 0);

we have
pij (t + h) � pij (t)

h
=

X

k6= j

pik (t)
pk j (h)

h
� pij (t)

1 � pj j (h)
h

:

If we could interchange limh! 0+ with
P

k6= j , e.g., if there are only �nitely many states,

then we would get

p0
ij (t) =

X

k6= j

pk j (t)qk j � pij (t)� j ;

or

P0(t) = P(t)Q

in matrix notation. (Note that the continuit y of pik (�) allows a similar argument for the

left-hand derivative.)

Example 5.4(a) (The Tw o-St ate Chain). Let q01 = � and q10 = � . Then � 0 = � ,

� 1 = � , and

Q =
�

� � �
� � �

�
:

Sincethe matrices are �nite, the solution to P 0(t) = QP(t) is

P(t) = eQt (the multiplicativ e constant = 1 sinceP(0) = I ):

Exponentiation is calculated via diagonalization: If Q = AD A � 1, then

eQt = AeD t A � 1 :

Here, it is easilycalculated that the eigenvaluesof Q are0 and � (� + � ), with corresponding

eigenvectors
� 1

1

�
and

� �
� �

�
. Thus, we use

D :=
�

0 0
0 � (� + � )

�
; A :=

�
1 �
1 � �

�
; A � 1 =

1
� + �

�
� �
1 � 1

�
;
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so

eQt =
1

� + �

�
1 �
1 � �

� �
1 0
0 e� ( � + � ) t

� �
� �
1 � 1

�

=
1

� + �

�
� + �e � ( � + � ) t � � �e � ( � + � ) t

� � �e � ( � + � ) t � + �e � ( � + � ) t

�
:

E.g., p00(t) = (� + �e � ( � + � ) t )=(� + � ).
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Chapter 6

Martingales

x6.1. Martingales.

A modi�cation of Wald's Equation is:

Theorem (Extension of Wald's Equa tion). Let X n be random variablesfor n � 1,

N an N-valued random variable, � 2 R,

(i) 8n E [X n ] = � = E [X n j N < n], and

(ii) either

(a) X n � 0 or

(b) E
h�
�P N

n =1 X n
�
�
i

< 1 and lim
n !1

E
h nX

k=1

X k 1f N >n g

i
= 0 :

Then

E
h NX

n =1

X n

i
=

�
�E [N ] if � 6= 0,

0 if � = 0.

Proof. The case(ii)(a) is as before,so assume(ii)(b). Write Zn :=
P n

k=1 X k . By the �rst

part of (ii)(b) and the LDCT, E [ZN ] = limn !1 E[ZN 1f N � n g ]. Now

E
h
ZN 1f N � n g

i
= E

h nX

k=1

X k 1f k � N � n g

i
=

nX

k=1

E
h
X k (1 � 1f N <k g � 1f N >n g)

i
;

which, by (i),

=
nX

k=1

n
� � �P (N < k) � E [X k 1f N >n g ]

o
= �

nX

k=1

P(N � k) � E [Zn 1f N >n g ] :

Consider separately the cases� = 0 and � 6= 0 and apply the secondpart of (ii)(b).
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Definition. We call hZn ; n � 0i a martingale if

(i) 8n E [jZn j] < 1 and

(ii) 8n � 1 E [Zn jZ0; Z1; : : : ; Zn � 1] = Zn � 1.

We call an N-valued random variable N a stopping time if 8n 1f N = n g is a function of

Z0; : : : ; Zn .

Cor ollar y. Let hZn ; n � 0i be a martingale and N a stopping time. If E jZN j < 1

and lim n !1 E[Zn 1f N >n g ] = 0, then

E [ZN ] = E [Z0] :

Proof. Apply the extensionof Wald's equation with X n := Zn � Zn � 1.

For example, the hypothesesof this corollary hold if N is a bounded stopping time,

but not if you gamble on fair gamesuntil you are ahead.

Example 6.2(a) and 3.5(a) again (Computing Mean Time to Occurrence of a

Pattern). SupposeYn are i.i.d., with values 0; 1; 2 with corresponding probabilities 1
2 ,

1
3 , 1

6 . Let N be the �rst time we seethe pattern 020. What is E [N ]?

Supposethat at each time n, gambler number n beginsbetting the pattern will occur

starting then. More precisely, at time n, gambler n pays us 1. If Yn 6= 0, he gets nothing

and quits. If Yn = 0, then we pay him 2 (to be fair) and gambler n bets 2 on f Yn +1 = 2g.

If Yn +1 6= 2, we keep the 2 of gambler n, but if Yn +1 = 2, we pay him back 6 � 2 = 12

and gambler n bets 12 on Yn +2 = 0. If he wins, we pay back 2 � 12 = 24. At this point,

gambler n quits.

Let X n = n � Rn be our net gain after time n. Then at time N , we have collected 1

from each player 1; : : : ; N , paid back nothing to players 1; 2; : : : ; N � 3, paid 24 to player

N � 2, nothing to player N � 1, and 2 to player N . Thus RN = 26. Since hX n i is a

martingale (all bets being fair), it follows (since N ^ n is a bounded stopping time) that

8n

0 = E [X N ^ n ] = E [N ^ n] � E [RN ^ n ] :

Since0 � RN ^ n � 26 and RN ^ n ! RN = 26, the MCT and BCT give E [N ] = 26.

Similarly, the mean time until HHTTHH if P[H] = p is equal to the payback at time

N , i.e., p� 4q� 2 + p� 2 + p� 1, where q := 1 � p.

We now compute the chancethat onepattern occursbeforeanother, e.g.,A := h0; 2; 0i

beforeB := h1; 0; 0; 2i in the �rst gameabove. The key is the useof the following relations.
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Let NA , NB be the �rst time A, B occur, respectively, M := NA ^ NB , and PA be the

probabilit y that A occurs beforeB . Let NA jB be the number of trials after B occurs until

A occurs, and NB jA likewise. Then

E [NA ] = E [M + (NA � M )] = E [M ] + E [NA � M j NB < NA ](1 � PA )

= E [M ] + (1 � PA )E [NA jB ] ;

E [NB ] = E [M ] + PA E[NB jA ] :

Solving for PA and E [M ] gives

PA =
E[NB ] + E [NA jB ] � E [NA ]

E [NB jA ] + E [NA jB ]

and

E [M ] = E [NB ] � PA E[NB jA ] :

In the caseat hand, we already have E [NA ] = 26. Similar reasoninggivesE [NB ] = 72.

Clearly E [NB jA ] = 72 as well. To calculate E [NA jB ], we use the samescheme as before,

with gamblers starting to bet at each trial, but now we simply assumethat B occurs

immediately, i.e., the �rst 4 trials are 1; 0; 0; 2: what occurs after this is still a martingale,

but X 4, our net gain after these 4 trials, is no longer 0. Instead, it is 4 � 12. As before,

however, X 4+ N A j B = (4 + NA jB ) � 26, whence

E
h
X 4+ N A j B

i
= 4 + E

h
NA jB

i
� 26 = X 4 = 4 � 12;

i.e.,

E
h
NA jB

i
= 26� 12 = 14:

Substitution into our formulas gives

PA =
30
43

and E [M ] =
936
43

:
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Chapter 7

Random W alks

x7.1. Dualit y in Random W alks.

If hX i i are i.i.d. and Sn :=
P n

i =1 X i is the corresponding random walk, then a useful

observation is the \dualit y" property that hX 1; X 2; : : : ; X n i D= hX n ; X n � 1; : : : ; X 1i . We

give two applications. Let

N : = minf n ; Sn > 0g;

M : = number of new minima of hSn i

= jf n ; 8k 2 [0; n) Sn � Sk gj ;

Rn : = number of distinct valuesof hSk ; 0 � k � ni

= jf k 2 [0; n] ; 8j 2 [0; k) Sk 6= Sj gj

= jf k 2 [0; n] ; 8j 2 (k; n] Sk 6= Sj gj :

Rn is called (the size of) the range of hSk ; 0 � k � ni . If E [X ] exists and is positive,

then by the SLLN, Sn ! 1 a.s., whenceN < 1 a.s. and M < 1 a.s. Always Rn ! 1

a.s. (except if X = 0 a.s.).

Pr oposition 7.1.1. If � := E [X ] > 0, then E [N ] = E [M ] < 1 and E [SN ] = �E [N ] <

1 .

Pr oposition 7.1.2. Without any assumption on E [X ],

lim
n !1

E[Rn ]
n

= P[no return to 0] = P[8n > 0 Sn 6= 0] :

Hence lim E [Rn ]=n = 0 ( ) the random walk is recurrent.

Proof of Proposition 7.1.1. We have

E [N ] =
1X

n =0

P[N > n] =
X

n � 0

P[8k � n Sk � 0] :
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By dualit y, this

=
X

n � 0

P[8k � n Sn � Sn � k � 0] =
X

n � 0

P[Sn is a new minimum] = E [M ] :

Now the sequenceof times at which minima occur form a renewal sequencewith interarriv al

times allowed to be in�nite. Indeed, there are only a �nite number of renewals; their

number is a geometric random variable, so E [M ] < 1 . Since this meansthat E [N ] < 1

also, we may apply Wald's equation (not its extension) to conclude.

Proof of Proposition 7.1.2. We have

E [Rn ] =
nX

k=0

P[8j 2 (k; n] Sk 6= Sj ]

=
nX

k=0

P[8i 2 (0; n � k] S0 6= Si ]

=
nX

k=0

P[8i 2 (0; k] Si 6= 0] :

Sincethe summands! P[no return to 0], the result follows.

Remark. For the proof of Proposition 7.1.2,we usedstationarit y and reversedcounting,

rather than dualit y (which the book uses). Thus, the result is more general: it applies

to stationary hX i i . We also don't need the values of X to lie in R. It is also true that

Rn =n ! P[no return] a.s. (Kesten, Spitzer, and Whitman; use the Kingman subadditive

ergodic theorem to prove this).

Example: Supposethat X = � 1 with probabilit y 1
2 � � . Then P[no return] = 1� f 00 =

2j� j (seethe calculation of the Green function or the gambler's ruin problem).
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Chapter 8

Bro wnian Motion and Other Mark ov Pro cesses

x8.1. In tro duction and Preliminaries.

The motion of a particle 
oating on water seemsrandom. Model one coordinate

hX (t)i as follows: hX (t)i is a stochastic processwith independent stationary increments

and continuous paths. Becauseof momentum, the independenceof increments is not a

great assumption, but we will not study a better model.

Now, becausehX (t)i is uniformly continuous on [0; 1], we have

Hn := sup
1� k � n

�
�
�X

� k
n

�
� X

� k � 1
n

� �
�
� ! 0

as n ! 1 . Hence8� > 0 P(H n � � ) ! 0. Now

P(Hn � � ) = 1 � P(Hn < � ) = 1 �
nY

k=1

P
h�
�X

� k
n

�
� X

� k � 1
n

�
j < �

i

= 1 � P
h�
�X

� 1
n

�
� X (0)

�
� < �

i n

= 1 �
h
1 � P

� �
�X

� 1
n

�
� X (0)

�
� � �

� i n

� 1 � e� nP [jX (1=n ) � X (0) j� � ]

since1 � x � e� x for all x 2 R. Therefore, nP
� ��X

�
1
n

�
� X (0)

�
� � �

�
! 0. Similarly,

8� > 0 lim
h! 0+

P[jX (h) � X (0)j � � ]
h

= 0: (N1)

Using this and the CLT, one can show (seeBreiman's Probability , Proposition 12.4) that

9� 2 R 9� � 0 8t � 0 X (t) � X (0) � N(�t; � 2t) : (N2)

Thus:

79
c
 1998{2000 by Russell Ly ons. Commercial reproduction prohibited.



Theorem. A stochastic processhX (t)i t � 0 with independent stationary incrementssatis-

�es (N1) i� it satis�es (N2).

We call such a processa Bro wnian motion (B.M.). If X (0) � 0, � = 0, and � = 1,

it is a standard Bro wnian motion or, simply, Bro wnian motion . In general, � is

called the drift and � 2 is the variance parameter . Note that

X (t) � X (0) � �t
�

is a standard Brownian motion and, if B (t) is a standard Brownian motion, then X (t) :=

X (0) + �t + � B (t) is a Brownian motion with drift � and variance parameter � 2. Also, if

X is a Brownian motion, then � X is a Brownian motion. By the independent increments

property, a Brownian motion is a Markov process.

It does not follow that X (t) is continuous a.s., despite the book's claim (p. 358).

However, given a Brownian motion, X (t), there is another Brownian motion eX (t) with

continuous (sample) paths such that 8t P
�
X (t) = eX (t)

�
= 1. This is not easyto show.

Why should we believe that a Brownian motion exists? We can get it as a limit of

random walks that take small steps very quickly: let Yn be i.i.d. � 1 steps, � x > 0, and

� t > 0. If we want a step of size � x to take place in time � t, we can let

D(t) :=
bt= � t cX

k=1

� x � Yk :

How should � x and � t be related? We have

VarD(t) = bt=� tc � (� x)2 � 1 ;

soif D (t) convergesto X (t), weshouldhave(� x)2=� t converging to � 2. Sotake� t := 1=n,

� x = 1=
p

n, and let Dn (t) be the corresponding process. By the CLT, D n (t) ) N(0; t).

In fact, the �nite dimensional marginals of Dn (t) convergeto those of standard Brownian

motion. This makesquite plausible the existenceof Brownian motion and shows how its

study extends the study of sums of i.i.d. random variables. Note that there was nothing

special about Yn being � 1. Similarly, if the stepsof a random walk are of size� =
p

n taken

each 1=n unit of time and are � � =
p

n with probabilit y 1
2 � �

2�
p

n (for n large), then the

random walk convergesto Brownian motion with drift � and varianceparameter � 2. Give

calculation.

To model stock prices, say, oneneedsa stochastic processthat is � 0. Furthermore, it

might be reasonablethat % changesover time intervals of the samelength are i.i.d., that
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is, that the distribution of [X (t + � t) � X (t)]=X (t) should depend on � t but not on t, and

that thesequotients shouldbe independent whendisjoint intervals [t; t + � t] areconsidered.

This is the sameas having X (t + � t)=X (t) be i.i.d., or of having logX (t + � t) � logX (t)

be i.i.d. In other words, this is the sameas Y(t) := logX (t) being a Brownian motion,

i.e.,

X (t) = eY (t ) ; Y a Brownian motion:

Such an X is called a geometric Bro wnian motion . Recall that the m.g.f. of a normal

random variable W is

E [eaW ] = eaE [W ]+ a2 Var( W )=2 :

Thus, for s < t,

E
h
X (t)=X (s)

i
= E

h
eY (t ) � Y (s)

i
= e� ( t � s)+ � 2 ( t � s)=2 :

Note that

E
h
X (t)

�
� hX (u) ; 0 � u � si

i
= X (s)E

hX (t)
X (s)

�
� hX (u) ; 0 � u � si

i

= X (s)E
hX (t)

X (s)

i
= X (s)e� ( t � s)+ � 2 ( t � s)=2 :

Therefore,

E
h
e� �t X (t)

�
� hX (u) ; 0 � u � si

i
= e� �s X (s) (N3)

when

� = � + � 2=2: (N4)

Later, we will seethat this meansthat he� �t X (t)i is a continuous-time martingale.

Note that if � is the (continuously compounded) interest rate, then the \theoretical"

price of the stock discounted to present value should be a martingale: if the = in (N3)

didn't hold, either no one would buy, so the price would fall, or there would be an in�nite

demand, so the price would rise. Thus, if geometric Brownian motion is to be a good

model for stock prices and these other ideal assumptions hold, then we would certainly

need(N3).

Now various kinds of options are also available on the stock. For example, for cost c,

you can purchasea \call" option that givesyou the right (not obligation) to buy a shareof

the stock at a �xed time T for a �xed price K . What should c be? At time T, this option
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is worth (X (T) � K )+ , so now, at time 0, it is worth e� �T (X (T) � K )+ . This meansthat

we should have the theoretical price

c = E
h
e� �T (X (T) � K )+

i
:

When computed, this gives the Blac k-Scholes form ula . Brie
y , this goes as follows:

sinceY(T) � Y (0) � N(�T ; � 2T), we have

c = e� �T
Z 1

�1
(X (0)ey � K )+ 1

p
2� � 2T

e� (y � �T )2 =(2 � 2 T ) dy

=
e� �T

p
2� � 2T

Z 1

log( K =X (0))
(X (0)ey � K )e� (y � �T )2 =(2 � 2 T ) dy

= X (0)�( �
p

T + b) � K e� �T �( b) ;

where

b :=
�T � � 2T=2 � log(K =X (0))

�
p

T
and � := c.d.f. of N(0; 1):

This uses(N4) to eliminate � in favor of � and � 2.

How long does it take (standard) Brownian motion to hit a 6= 0? By symmetry, we

may consideronly a > 0. Let Ta be the hitting time. Note that

P
�
X (t) � a j Ta � t

�
=

1
2

by symmetry [and the strong Markov property]. This is called the re
ection principle .

SinceX (t) � a ) Ta � t , this is the sameas

P(Ta � t) = 2P
�
X (t) � a

�
=

2
p

2� t

Z 1

a
e� x 2 =(2 t ) dx

=

r
2
�

Z 1

a=
p

t
e� y2 =2 dy :

In particular, P(Ta < 1 ) = 1, so Brownian motion is recurrent. Is it positive recurrent?

I.e., is E [Ta] < 1 ? Note that for large t,

P(Ta > t) =

r
2
�

Z a=
p

t

0
e� y2 =2 dy �

r
2
�

a
p

t
as t ! 1 ;
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whenceE [Ta ] =
R1

0 P(Ta > t) dt = 1 . Thus, Brownian motion is null recurrent. This

could also have been derived from the null recurrenceof simple random walk on Z: Let

� 0 := 0, � 1 := T1 ^ T� 1, and, in general, let � n +1 be the �rst time after � n that X (t) is

X (� n ) � 1. Then hX (� n )i n is simple random walk with E [� n +1 � � n ] = E [� 1] = 1 (to be

proved later). Let N := minf n ; X (� n ) = 1g. Then

T1 =
NX

n =1

(� n � � n � 1) ;

so Wald's equation givesE [T1] = E [N ] = 1 .

Note that we easily get the distribution of another random variable: for a > 0,

P
h

max
0� s� t

X (t) � a
i

= P
h
Ta > t

i
=

r
2
�

Z a=
p

t

0
e� y2 =2 dy :

De�ne Bro wnian motion absorb ed at a by

Z (t) :=
�

X (t); if t < Ta ,
a; if t � Ta .

If a > 0, then

P(Z (t) = a) = P(Ta � t) =

r
2
�

Z 1

a=
p

t
e� y2 =2 dy :

What is more interesting is the rest of the distribution of Z (t): for x < a,

P[Z (t) � x] =
1

p
2� t

Z x

x � 2a
e� y2 =(2 t ) dy :

This is shown by clever useof the re
ection principle: read x8.3.1.

How do we re
ect Brownian motion at, say, 0? We simply de�ne

Z (t) := jX (t)j :

One could similarly re
ect at � a < 0 and b > 0. Interesting work is currently being done

on re
ecting Brownian motion in higher dimensions.

If hX (t)i is a Markov processand f is a real-valued function on the state spacefor

which

(Lf )(x) := lim
t ! 0+

Ex

hf
�
X (t)

�
� f (x)

t

i

exists for every initial state x, then we write f 2 DL . The functional L de�ned on DL is

called the in�nitesimal generator of the process.
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Theorem. If hX (t)i is a Brownian motion, then DL � C2
b (R) (the space of bounded

functions on R with a continuous second derivative) and

Lf = �f 0+
1
2

� 2f 00 for f 2 C2
b (R):

Proof. Fix x 2 R. If f 2 C2
b (R), then

f (y) = f (x) + f 0(x)[y � x] +
1
2

f 00(x)[y � x]2 + o([y � x]2) :

Therefore

Ex

h
f

�
X (t)

�
� f (x)

i
= f 0(x)�t + f 00(x)

� 2t + (�t )2

2
+ o(t) :

[Interchanging Ex and o(t) requires justi�cation. We shall merely describe how to do this:

let f 0 be a function in C2
b (R) that has a bounded secondderivative and equals f near x.

The chance that X (t) is not near x is o(t), so we may replace f by f 0 and then use the

LDCT.] Thus,

Ex

hf
�
X (t)

�
� f (x)

t

i
= f 0(x)� + f 00(x)

� 2 + � 2t
2

+ o(1) :

To apply this result, let a; b > 0 and let

f (x) := Px [Ta < T� b] :

We claim that Lf = 0, i.e., that Ex [f
�
X (t)

�
] = f (x) + o(t) as t ! 0. Note �rst that the

Markov property implies that

�
� f

�
X (t)

�
� Px [Ta < T� b j X (s) (s � t)]

�
� � 1f Ta ^ T � b<t g :

Therefore,
�
�
�Ex

�
f

�
X (t)

�
] � f (x)

�
�
� =

�
�
�Ex

�
f

�
X (t)

� �
� Ex

�
Px [Ta < T� b j X (s) (s � t)]

� ��
�

� Ex

h�
�
� f

�
X (t)

�
� Px

�
Ta < T� b j X (s) (s � t)

� �
�
�
i

� Ex
�
1f Ta ^ T � b � t g

�
= Px [Ta ^ T� b � t ] :

The idea next is that when t is small, it is very unlikely that Brownian motion hasreached

either a or � b from x by time t. To be precise,we have

Px [Ta ^ Tb � t ] � Px [Ta � t ] + Px [Tb � t ]
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and, e.g.,

Px [Ta � t ] = Px

h
max

0� s� t
[(X (s) � �s ) + �s ] � a

i

� Px

h
max

0� s� t
f X (s) � �s g � a � j� jt

i

= O(e� (a�j � j t � x )2 =(2 � 2 t ) ) = o(t) :

Therefore f 2 DL and Lf = 0, as claimed. We will not prove that f 2 C2(R), which is

true, but assumeit. Consider �rst the casewhere � = 0. Then f 00 = 0, so f is linear.

Sincef (a) = 1 and f (� b) = 0, we get

f (x) =
x + b
a + b

;

in particular,

f (0) = b=(a + b) :

Recall resistances, simple random walk.

Now let � 6= 0. The equation Lf = 0 is

�f 0(x) +
� 2

2
f 00(x) = 0:

Integration gives

�f (x) +
� 2

2
f 0(x) = C ;

whence
d

dx

n � 2

2
e2�x=� 2

f (x)
o

= Ce2�x=� 2

;

so that

f (x) = C1 + C2e� 2�x� 2
:

[We could also have used separation of variables to solve the di�eren tial equation.] Since

f (a) = 1 and f (� b) = 0, we get

f (x) =
e2�b=� 2

� e� 2�x=� 2

e2�b=� 2 � e� 2�a=� 2 :

In particular,

f (0) =
e2�b=� 2

� 1
e2�b=� 2 � e� 2�a=� 2 :
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This corresponds to a conductivit y at x of e2�x=� 2
, since for a variable conductivit y

C(x), we have

f (x) =
C(x $ a)

C(x $ a) + C(x $ � b)
=

R(x $ � b)
R(� b $ a)

=
Z x

� b
C(s) � 1ds

. Z a

� b
C(s) � 1 ds

=
� e2�s=� 2 �

�x
� b

� e� 2�s=� 2
�
�a
� b

:

Supposethat � < 0. Then letting b ! + 1 (and using the fact that � < 0) gives

P0

h
max
t> 0

X (t) � a
i

= e2�a=� 2
;

i.e., maxt> 0X (t) � Exp(� 2�=� 2). That maxt> 0X (t) has an exponential distribution fol-

lows also from the (strong) Markov property.

A Game. Brownian motion X (t) with parameter (�; � 2), � < 0, X (0) � 0, is run for all

t � 0 \quic kly". You may stop it at any time before you know its future (e.g., maxX (t)

is not allowed) and collect X (t). How much should you pay to play?

If you stop when X (t) = x, your expected gain would be xP [maxt> 0X (t) � x] =

xe2�x=� 2
, which is maximal at x = � � 2

�
(2� ), so the value is � � 2

�
(2�e ).

For some additional topics, we need to study the multiv ariate normal distribution,

Example 1.4(b), sincehX (t1); : : : ; X (tn )i hasthis distribution. Recall again that the m.g.f.

of N(�; � 2) is t 7! e�t + � 2 t 2 =2. If X i � N(� i ; � 2
i ) (i = 1; 2) are independent, then the m.g.f.

of X 1 + X 2 is

t 7! E
h
et (X + Y )

i
= E

h
etX

i
E

h
etY

i
= exp

n
(� 1 + � 2)t + (� 2

1 + � 2
2)t2=2

o
;

whence,by uniquenessof the m.g.f., X 1 + X 2 � N(� 1 + � 2; � 2
1 + � 2

2).

De�ne the join t m.g.f. of random variables X 1; : : : ; X n by

(t1; : : : ; tn ) 7! E
h
e
P n

i =1
t i X i

i
:

This uniquely determines the joint distribution of hX 1; : : : ; X n i when it is �nite. The

notation is simpler if we usevectors: t := (t1; : : : ; tn ), X := (X 1; : : : ; X n ), t 7! E [et �X ].
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Now let Z1; : : : ; Zn be independent normal random variables, � i ; aij 2 R (1 � i � m,

1 � j � n), and

X i =
mX

j =1

aij Z j + � i (1 � i � m) :

Then we say that hX 1; : : : ; X n i has a multiv ariate normal distribution . Note that

by the preceding result, each X i is normal. Consider the joint m.g.f. t 7! E [et �X ]. Since

t � X is normal too for a given t , we need merely �nd E [t � X ] and Var(t � X ) in order

to determine E [et �X ]. These, in turn, are easily speci�ed via E [X i ] and Cov(X i ; X j ).

We conclude that the joint distribution of hX 1; : : : ; X m i is uniquely determined by their

individual expectations and their pairwise covariances. This is all we shall need.

Definition. A Gaussian pro cess hX (t) ; t � 0i is a stochastic process such that

8t1; : : : ; tn hX (t1); : : : ; X (tn )i has a multiv ariate normal distribution.

By the preceding,weseethat a Gaussianprocesshasall its �nite-dimensional marginals

uniquely determined by the numbers E [X (t)], Cov
�
X (s); X (t)

�
. This determinesthe pro-

cessas a whole in the usual sense;continuous samplepaths are a di�eren t matter.

For a Brownian motion with X (0) � 0, we have E [X (t)] = �t and, if s � t,

Cov
�

X (s); X (t)
�

= Cov
�

X (s); X (t) � X (s) + X (s)
�

= Var
�
X (s)

�
= � 2s ;

thus, Cov
�
X (s); X (t)

�
= � 2(s ^ t).

Supposethat a Brownian motion is at A at time t. How did it get there? I.e., what

is the distribution of the processhX (s)i 0� s� t given X (t) = A? Let 0 < s < t. SinceX (s),

X (t) have a joint density, we have that the density of X (s) given X (t) = A is

x 7!
f X (s) ;X ( t ) (x; A)

f X (t ) (A)
=

f X (s) (x)f X (t ) � X (s) (A � x)
f X (t ) (A)

= C exp
n

�
(x � �s )2

2� 2s
�

(A � x � � (t � s)) 2

2� 2(t � s)

o

= C0exp
n

�
(x � As=t)2

2� 2s(t � s)=t

o
:

That is, the conditional distribution of X (s) given X (t) = A is N(As=t; � 2s(t � s)=t). Also

note that E [X (s) j X (t) = A] is linear in s and the variance ! 0 as s ! 0 and as s ! t.

Calculation of joint densities X (s1); : : : ; X (sn ) given X (t) = A in a similar manner

leads to a joint multiv ariate normal distribution, whence this is a Gaussian process. It

87
c
 1998{2000 by Russell Ly ons. Commercial reproduction prohibited.



is called Bro wnian bridge (from 0 to A on [0; t]). In particular, it is independent of � ,

which is quite surprising at �rst. Therefore, the law of hX (s)i 0� s� t is a mixture of these

laws, where A = X (t) � N(�t; � 2t) doesdepend on � . This is why the drift � cannot be

estimated more preciselyby knowing hX (s); s � t i than by knowing X (t) alone.

The standard Brownian bridge has A = 0 and t = 1. In fact, for simplicit y, we now

take t = 1.

Recall that a Gaussian process is determined by its means and covariances. We

calculate the determining parametersof a Brownian bridge on [0; 1] as follows:

E [X (s) j X (1) = A] = As

and, for s � t,

Cov
h
X (s); X (t) j X (1) = A

i
= E

h
(X (s) � As)(X (t) � At ) j X (1) = A

i
:

Since eX (t) := X (t) � At is a Brownian motion, we can write this as

= E
h

eX (s) eX (t) j eX (1) = 0
i

= E
h
E

� eX (s) eX (t) j eX (t); eX (1) = 0
� �

�
� eX (1) = 0

i

= E
h

eX (t)E
� eX (s) j eX (t); eX (1) = 0

� �
�
� eX (1) = 0

i

= E
h

eX (t)
eX (t)s

t
j eX (1) = 0

i

=
s
t

�
� 2t(1 � t)

1
= � 2s(1 � t) :

Thus, Brownian bridge can also be de�ned as a (continuous) Gaussianprocesswith mean

function At and covariance function � 2(s ^ t)(1 � s _ t) on [0; 1]. This allows us to give

another representation of Brownian bridge:

Pr oposition 8.1.1. If hX (t) ; t � 0i is a Brownian motion and Z (t) := X (t)� X (1)+ At ,

then hZ (t) ; 0 � t � 1i is a Brownian bridge.

Proof. This is clearly a Gaussianprocess. Now E[Z (t)] = �t � t� � 1 + At = At and for

s � t,

Cov
�

Z (s); Z (t)
�

= E
h�

X (s) � sX (1)
� �

X (t) � tX (1)
� i

= Cov
�

X (s) � sX (1); X (t) � tX (1)
�

= Cov
�
X (s); X (t)

�
� sCov

�
X (1); X (t)

�

� tCov
�
X (s); X (1)

�
+ stCov

�
X (1); X (1)

�

= � 2
n

s � st � ts + st
o

= � 2s(1 � t) :

This is the sameas what we calculated for Brownian bridge.
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. Read pp. 362--363 in the book.

x8.4.1. Using Martingales to Analyze Bro wnian Motion.

Generalizing from the caseof discrete time, we call hZ (t) ; t � 0i a martingale if

(i) 8t E jZ (t)j < 1 and

(ii) 8s < t E [Z (t) j hZ (u) ; 0 � u � si ] = Z (s).

We call a [0; 1 )-valued random variable � a stopping time if 8t 1f � � t g is a function of

hZ (s) ; 0 � s � t i .

Theorem. Let hZ (t) ; t � 0i be a martingale with right-continuous sample paths a.s.

and � a stopping time. If E jZ (� )j < 1 and lim t !1 E[Z (t)1f � >t g] = 0, then

E [Z (� )] = E [Z (0)] :

Note: If � is bounded, then the hypothesesare automatically satis�ed. To prove

this theorem, apply Durrett, Theorem 7.5.1, to � ^ t and let t ! 1 .

Example: If hX (t)i is a Brownian motion with E jX (0)j < 1 then hX (t) � �t i is a

martingale.

Example: If hX (t)i is standard Brownian motion, then hX (t)2 � t i is a martingale. For

we have

E
h
X (t)2 � t

�
� hX (u)2 � u ; 0 � u � si

i

= E
h
E

�
X (t)2 � t

�
� hX (u) ; 0 � u � si

� �
�
� hX (u)2 � u ; 0 � u � si

i

= E
h
E

�
(X (t) � X (s)
| {z }

N(0 ;t � s)

+ X (s)

| {z }
N( X (s) ;t � s)

)2 � t
�
� hX (u) ; 0 � u � si

� �
�
� hX (u)2 � u ; 0 � u � si

i

= E
h
(t � s) + X (s)2 � t

�
�
� hX (u)2 ; 0 � u � si

i

= X (s)2 � s :
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Cor ollar y. For standard Brownian motion, E [T1 ^ T� 1] = 1.

Proof. Let � := T1 ^ T� 1 = Tf 1;� 1g. Then 8t

E [X (� ^ t)2 � � ^ t] = E [X (0)2 � 0] = 0;

i.e.,

E [� ^ t] = E [X (� ^ t)2] :

By the MCT and the BCT, E [� ] = E [X (� )2] = E [1] = 1.

We can get easily a new proof that for standard Brownian motion, P(Ta < T� b) =

b=(a + b) (a; b > 0). For if p := P(Ta < T� b) and � := Ta ^ T� b, we have

0 = E [X (� )] = ap � b(1 � p) :
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Chapter 9

Sto chastic Order Relations

x9.1. Sto chastically Larger.

Given two random variables X and Y , we say that X is sto chastically larger than

Y , written X � Y , if F X � F Y . We have seenthis in connection with renewal processes.

Also, X � Y i� 8a P[X � a] � P [Y � a] (Exercise 81). If we decomposeX and Y into

their positive and negative parts, X = X + � X � , Y = Y + � Y � , then

X � Y ( ) X + � Y + and X � � Y �

(Exercise 81).

Pr oposition 9.1.2. X � Y i� for all increasing f : R ! R, we have E
�
f (X )

�
�

E
�
f (Y )

�
when both expectations are de�ned in [�1 ; 1 ].

Lemma 9.1.1. If X � Y , then E [X ] � E [Y ] when both E [X ] and E [Y ] are de�ned.

Proof. If X ; Y � 0, then E [X ] =
R1

0 F X (a) da �
R1

0 F Y (a) da = E [Y ]. Thus, E [X + ] �

E [Y + ] and E [X � ] � E [Y � ], so E [X ] = E [X + ] � E [X � ] � E [Y + ] = E [Y � ] = E [Y ].

Proof of Proposition 9.1.2. ( =: Let f := 1(a;1 ) , a 2 R.

=) : By the lemma, it su�ces to show that f (X ) � f (Y ). Set

f � 1(a) := inf f x ; f (x) � ag:

Then f (X ) � a ( ) X � f � 1(a), whence

P
�
f (X ) � a

�
= P

�
X � f � 1(a)

�
� P

�
Y � f � 1(a)

�
= P[Y � a] :
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x9.2. Coupling.

Coupling refers generally to converting distributional properties to more direct com-

parisonsof random variables.

Pr oposition 9.2.2. X � Y i� there exist random variables X � and Y � with X � D= X ,

Y � D= Y , and X � � Y � .

Proof. =) : On a new probabilit y space,pick X , set X � := X , then pick

Z � U
�
FX (X �� ); FX (X � )

�
:

Finally , let Y � := F � 1
Y (Z ).

FY

FX

Certainly X � D= X . To seethat Y � � X � , it su�ces, by de�nition of F � 1
Y , to show

that FY (X � ) � Z . Indeed,

FY (X � ) � FX (X � ) � Z :

Lastly, to seethat Y � D= Y , we compute

P[Y � � a] = P[Z � FY (a)] = FY (a)

provided we show that Z � U[0; 1] (we mean the unconditional distribution of Z , not the

distribution conditional on X � ).

To show this, let a 2 [0; 1]. Let b := F � 1
X (a) and de�ne � 2 [0; 1] by

a = (1 � � )FX (b� ) + �F X (b) :
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Then

P[Z � a] = P(X � < b) + P(X � = b)�

= FX (b� ) + [FX (b) � FX (b� )]� = a :

Example 9.2(b). Pois(� ) is stochastically increasing in � : This is not hard to show

by analytic calculation, but here is a coupling proof: Let � < � , X � Pois(� ), and

Y � Bin(X ; �=� ). Then Y � X and Y � Pois(� � �
� ).

x9.2.2. Exp onen tial Con vergence in Mark ov Chains.

Recall that if hX n ; n � 0i is a �nite-state irreducible aperiodic Markov chain, then

p(n )
ij ! � j , the stationary probabilities. How fast is the convergence? We show that it

is exponential; an active area of research involves estimating the preciserate for various

Markov chains.

Theorem. Let hX n ; n � 0i be a �nite-state irr educible aperiodic Markov chain and � j

the stationary probabilities. Then 9c > 0; � < 1 such that 8n; i; j jp(n )
ij � � j j � c� n .

Proof. By hypothesis, 9N 8i; j p(N )
ij > 0. Let " := min i;j p(N )

ij . Let hX 0
n ; n � 0i be an

independent Markov chain with the sametransition probabilities, but with the stationary

distribution usedas the initial distribution. Let

T := minf n ; X n = X 0
n g

and set

X n :=
�

X 0
n if n � T,

X n if n � T.

Then hX n i is a Markov chain with the samedistribution ashX 0
n i . Sincef X n := j g4f X 0

n =

j g � f T > ng, we have

jp(n )
ij � � j j � P(T > n) (let X 0 :� i ):

Thus, it remains to bound P(T > n).

Now P(X N = X 0
N ) � "2 and, in fact,

P(X kN = X 0
kN j X 0; X 0

0; X N ; X 0
N ; : : : ; X (k � 1)N ; X 0

(k � 1)N ) � "2 ;

whenceP(T > kN ) � (1 � " )k . This provesthe result.
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Homew ork Problems

Exer cise not to Hand In: Basedon experiencefrom similar oil �elds, an oil executive

has determined that the probabilit y that a certain oil �eld contains a signi�cant quantit y

of oil is 0.6. Before drilling, she orders a seismologicaltest for further information. This

test is not 100%accurate; if there is a signi�cant quantit y of oil, then the test con�rms this

with probabilit y 0.9, but if there is not a signi�cant quantit y, then it con�rms that with

probabilit y 0.8. Suppose that the seismologicaltest does say that there is a signi�cant

quantit y of oil. What should the executive now estimate as the probabilit y of a signi�cant

quantit y of oil?

Exer cise not to Hand In: Five communication towers are erected in a straight line,

each exactly 8 miles from its neighbors. The signal from each tower travels 16.6 miles.

Assumethat on a given day, the communication equipment in each tower is broken with

probabilit y 0.002, independently of each other. If it is not broken, then it transmits each

signal that it receives. What is the probabilit y that a signal from the �rst tower reaches

the �fth tower?

Exer cise not to Hand In: What is the median of an Exp(� ) distribution? Why is this

called \half-life" in radioactive decay?

Exer cise not to Hand In: Supposethat the joint density of X ; Y is

f (x; y) =
�

cx2y2 if x � 0; y � 0; x + y � 1,
0 otherwise.

What is the value of c? What is E [X ]? What is E [X Y]?

1. p. 47, 1.8

2. p. 48, 1.11
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3. Show that if X ; Y have a joint density f X ;Y , then X has the density

f X (x) =
Z 1

�1
f X ;Y (x; y) dy :

4. Supposethat U is a U[0; 1]-random variable. Given the value of U, say, U = u, another

random experiment is madeto get the valueof X , namely, X is Exp(u) (i.e., an exponential

random variable with parameter u). Compute the density of X .

5. p. 46, 1.1

6. Let X be a nonnegative random variable with c.d.f. F and c a positive constant. Show

that

E [min(X ; c)] =
Z c

0
F (x) dx

and

E [X j X � c] =
Z c

0
[1 � F (x)=F(c)] dx :

7. p. 46, 1.3

8. p. 50, 1.18. Hint: Condition on the number of 
ips until the �rst tail appears.

Exer cise not to Hand In: p. 51, 1.22

9. p. 53, 1.30

10. p. 53, 1.31

Exer cise not to Hand In: p. 53, 1.34

11. You want to crossa road at a spot where cars passaccording to a Poissonprocess

with rate � . You begin to crossas soon as you seethere will not be any cars passingfor

the next c time units. Let N := number of cars that passbeforeyou cross,T := time you

begin to cross.

(a) What is E [N ]?

(b) Find E [T], for example,by conditioning on N .
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12. p. 89, 2.5. Do this for any �nite number of independent Poissonprocesses,not just for

two processes.(Note that the last statement in the problem meansthat the probabilit y

that the �rst event comesfrom N1(�) given that the time of the �rst event is t is equal to

� 1=(� 1 + � 2) for all t > 0.)

Exer cise not to Hand In: p. 90, 2.8

13. p. 91, 2.14 (Note that \ Pij :
P

j >i Pij = 1" should read \ Pij , where
P

j >i Pij = 1".

The solution needsmore explanation than what appears in the back of the book.)

14. Supposethat the lifetime of a machine is an Exp(� ) random variable. The machine

is checked to seewhether it is operating at regular intervals, namely, at times T, 2T, 3T,

etc. Eventually , of course, the machine is discovered to be down. In terms of � and T,

what is the expected duration of the time that the machine is actually down before it is

discovered to be down?

15. There are n radioactive particles in a substanceat time 0. Their lifetimes are i.i.d.

Exp(� ). Let X (t) be the number of particles that have decayed by time t.

(a) What is P
�
X (t) = k

�
?

(b) Let T be the �rst time t that X (t) = k. What is E [T]?

16. A machine needs2 typesof parts to work, type A and type B. It has onepart of each

type to begin, and there are also 2 spareA parts and 1 spareB part. When a part fails,

it is replacedby a sparepart of the sametype, if available, instantaneously. Supposethat

the lifetimes (time in service) of all parts are independent; parts of type A are Exp(� )-

distributed, while parts of type B are Exp(� )-distributed. What is the expected time until

the machine fails for lack of a neededpart?

17. A component has an exponentially distributed lifetime with mean 750 hours. When

it fails, it is replacedin the machine by a new component with an independent lifetime of

the samedistribution. What is the smallest number of sparesthat should be provided in

order that the machine last for 2000hours (using the original component and thesespares

only) with probabilit y at least 95%?
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18. Let N i (�) (i = 1; 2) be independent Poissonprocesseswith rates � i . Let X be the

result of an independent fair coin 
ip. Supposethat N (t) = N1(t) for all t if X = H, while

N (t) = N2(t) for all t if X = T.

(a) DoesN (�) have stationary increments?

(b) DoesN (�) have independent increments?

(c) Is N (�) a Poissonprocess?

19. p. 94, 2.30. Add:

(e) What are the failure rates of T1 and T2?

20. p. 95, 2.33. Add:

(d) Let N (r ) be the number of points of the Poissonpoint processin R2 that are within

distance r of the origin. Describe the law of the counting processN (�) on [0; 1 ).

21. p. 153, 3.1.

22. Suppose that the interarriv al distribution for a renewal processis Pois(� ) (so the

interarriv al times are discrete, but the renewal processis de�ned for continuous time).

(a) Find the distribution of Sn for each n.

(b) Find the distribution of N (t) for all t.

23. Betsy is a consultant. Each time she gets a job to do, it lasts 3 months on average.

The time betweenjobs is exponentially distributed with mean2 weeks.At what rate does

Betsy start new jobs in the long run?

24. Let N1(�) and N2(�) be independent renewal processesboth with interarriv al times

U[0; 1]. De�ne N (t) := N1(t) + N2(t) for all t.

(a) Are the interarriv al times of N (�) independent?

(b) Are the interarriv al times of N (�) identically distributed?

(c) Is N (�) a renewal process?

25. Let Uk � U[0; 1] be independent random variables. De�ne N := minf n ;
P n

k=1 Uk >

1g. What is E [N ]?

26. Show that 8x F X N ( t )+1 (x) � F X (x). Compute both sidesexactly for a Poissonprocess

of rate � . (Hin t: Condition on SN (t ) .)
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27. p. 156,3.14. Note: $ means\if and only if". In (a) and (c), changeeach > associated

to A(�) to � .

28. For a random variable X , write bX for a size-biasedrandom variable corresponding to

X . Show that if X � Bin(n; p), then bX � 1 � Bin( n � 1; p), while if X � Pois(� ), then
bX � 1 � Pois(� ).

29. p. 157, 3.20.

30. A coin has probabilit y p of H. What is E [time to THTHTHTHT ]?

31. p. 154, 3.9(c). Note: the system capacity is 1, so any customer who arriveswhile the

server is busy is lost.

32. p. 160, 3.31.

33. Show that the long-run expectedproportion of time that X N (t )+1 � c is
Rc

0 F (x) dx=E[X ]

for a renewal processwith X n � F . (Assume that F has �nite mean.)

34. In Example 3.4(a), �nd the long-run rate of restocking.

35. A particular ski slope has n skiers continually and independently climbing up and

skiing down. The times it takes skiers to climb up or ski down are independent of each

other and non-lattice, but not identically distributed. In fact, the time it takes the i th

skier to climb up has distribution Fi each time and the time it takesher to ski down has

distribution Gi each time. All Fi and Gi have �nite means.

(a) If N (t) denotes the total number of times that the members of this ski group have

skied down the slope by time t, what is lim t !1 N (t)=t a.s. and in mean?

(b) If U(t) denotesthe number of skiers that are climbing up the hill at time t, what is

lim t !1 E
�
U(t)

�
?

36. Let X n be the lifetimes of items assumedi.i.d. with c.d.f. F . Items are replacedwhen

they reach age T if they have not yet failed. Find an F and T such that the actual

failure rate when planned replacements are made is greater than that without planned

replacement.
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37. A warehousestoresand sells items. Customers arrive according to a Poissonprocess

of rate 2 per day. Each customer demandsexactly one item. The warehousegivesan item

to a customer when it has one, but turns away the customer otherwise. The warehouse

orders A more items from the supplier when the warehousebecomesempty, but it takesa

random amount of time for the order to arrive; the order time hasa meanof 3 days. Each

such order costs the warehouse$50 (regardlessof the size of the order). Each item costs

the warehouse$1 per day to store. The supplier charges$70 per item, but the warehouse

sellseach item for $80.

(a) What is the long-run pro�t per day made by the warehouse?

(b) What value of A maximizes the long-run pro�t per day?

(A more realistic scenariowould involveordering more items beforethe warehousebecomes

empty, but this is much harder to analyze.)

38. Let Q(t) denotethe number of customersin the systemof an M/G/1/2 queue. Assume

that G has �nite meanand the arrival rate is � . Show that in the long run, the proportion

of time that Q(t) = 1 is R1
0 e� �x G(x) dx

R1
0

�
e� �x G(x) + G(x)

�
dx :

39. Consideran M/G/1/2 queue. Let X n := the number of customersin the systemwhen

the nth customer leavesthe system,X 0 := 0. What are the transition probabilities of this

Markov chain?

40. p. 219, 4.4

41. p. 221, 4.12 (Note: the Markov chain is assumedto be irreducible and aperiodic.)

Exer cise not to Hand In: p. 221, 4.16, 4.17

42. Supposeyou have a deck of n cards. You shu�e them in the following simple manner:

A card is chosenat random and put on the top. This is repeated many times, where the

card choseneach time is independent of the precedingchoices. Show that in the long run,

the deck is perfectly shu�ed in the sensethat all n! orderings are equally likely.

43. You have 3 coins, each with di�eren t probabilit y of H. Namely, coin k has chance

(k + 1)=(k + 2) of coming up H (k = 0; 1; 2). The coins are tossed repeatedly in the

following fashion. Coin 0 is tossedthe �rst two times, but thereafter, coin k is tossedwhen

the number of H in the precedingtwo tossesis equal to k. What is the limiting probabilit y

that the nth coin comesup H as n ! 1 ? Hint: Usea 4-state Markov chain.
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44. We want to decidewhether Brand A special high-intensity lightbulbs last longer than

Brand B special high-intensity lightbulbs by making the following test. We turn on one

bulb of each brand simultaneously and wait until one of the two fails. The brand whose

bulb lasts longer gets a point. Then we repeat with new lightbulbs from each brand. We

continue this test until one brand has accumulated 5 points more than the other brand.

What is the chance that the test picks the better brand given that in fact the lifetimes

of bulbs of Brand A are exponential with mean 25 hours while those of Brand B are

exponential with mean 30 hours? Hint: Consider the di�erence between the numbers of

points that each brand has accumulated.

45. p. 224, 4.27

46. p. 223, 4.23

47. p. 226, 4.33. Note: assumethat p1 6= 1.

48. p. 221, 4.12

49. p. 229,4.46(e). Also do (a){(d), but don't hand them in. Note: the indicesarescrewed

up in the parts (a){(d).

50. Consider a random walk on a network G that is either transient or is stopped on the

�rst visit to a set of vertices Z . Let G(x; y) be the corresponding Green function, i.e., the

expected number of visits to y for a random walk started at x; if the walk is stopped at

Z , we count only those visits that occur strictly beforevisiting Z . Show that for any pair

of vertices x and y,

� x G(x; y) = � y G(y; x) :

51. Consider an electrical network G with a vertex a and a set of verticesZ that doesnot

include a. When a voltage is imposedso that a unit current 
o ws from a to Z , show that

the expected total number of times an edge(x; y) is crossedby a random walk starting at

a and absorbed at Z equalsCxy (Vx + Vy ).

52. Consider an electrical network G with a vertex a and a set of verticesZ that doesnot

include a. Show that Ea [TZ ] =
P

x 2 V � (x)Vx when a voltage is imposedso that a unit

current 
o ws from a to Z .
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53. Let G be a network such that 
 :=
P

e2 G Ce < 1 (for example, G could be �nite).

For any vertex a 2 G, show that the expected time for a random walk started at a to

return to a is 2
 =� a.

54. Consider an electrical network G with a vertex a. Show that lim n C(a $ Zn ) is the

samefor any sequencehGn i that exhaustsG.

55. Let G be a network such that 
 :=
P

e2 G Ce < 1 and let a and z be two vertices

of G. Let x � y in G. Show that the expected number of transitions from x to y for a

random walk started at a and stopped at the �rst return to a that occursafter visiting z is

Cxy R(a $ z). This is, of course,invariant under multiplication of the edgeconductances

by a constant.

56. Let G be a network such that 
 :=
P

e2 G Ce < 1 and let a and z be two vertices of

G. Show that the expected time for a random walk started at a to visit z and then return

to a, the so-called\commute time" betweena and z, is 2
 R(a $ z).

57. In the following networks, each edgehas unit conductance.

a
x

z

What are P x [Ta < Tz ], Pa [Tx < Tz ], and P z [Tx < Ta ]?

a z

What is C(a $ z)? (Or: show a sequenceof transfor-

mations that could be usedto calculate C(a $ z).)
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a z

What is C(a $ z)? (Or: show a sequenceof transfor-

mations that could be usedto calculate C(a $ z).)

58. Find a (�nite) graph that can't be reduced to a single edge by the four network

transformations.

59. Let G be a connectedgraph with N edgesand two verticesa and z of degreeonewith

the sameneighbor. Show that for simple random walk on G, Ea [Tz ] = 2N .

60. p. 287, 5.3(b). Also do (a), but don't hand it in.

61. p. 287, 5.6

62. p. 286, 5.1

63. Consider a Poissonprocessof rate 1 such that each event is classi�ed as type i with

probabilit y � i (i = 0; 1 and � 0 + � 1 = 1). Suppose that 0 is classi�ed as type i with

probabilit y pi . Show that the two-state Markov chain with state i equalstype i and that

changesstate when the events of the Poisson processchange state has transition rates

q01 = � 1 and q10 = � 0. Use this to show that

P[the state at time t = 0] = p0e� t + (1 � e� t )� 0 :

64. p. 322, 6.3

65. p. 322, 6.4

Exer cise not to Hand In: p. 323, 6.7

66. p. 323, 6.10

67. p. 323, 6.11

68. SupposeP[H] = p. Calculate the chancethat HTHT appearsbeforeTHTT.
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69. Let X be 2 with probabilit y p and � 1 with probabilit y 1� p, wherep > 1=3. Let hSn i

be the corresponding random walk, Sn :=
P n

i =1 X i , and N the �rst time that the random

walk is positive. Find the distribution of SN , E [SN ], and E [N ].

70. p. 400, 8.7

71. Prove that if hX (t) ; t � 0i is a Markov chain, then it has an in�nitesimal generator

L de�ned on all bounded f : N ! R given by

(Lf )( i ) =
X

k6= i

qik [f (k) � f (i )] :

For �xed j and t0, use f (k) := pk j (t0) to get Kolmogorov's backward equation for the

right-hand derivative at t0.

72. GeneralizeExercise 71 as follows: supposethat f : N � [0; 1 ) ! R is bounded and

limh#0f (k; h) = f 0(k). Show that

lim
h#0

E i

hf (X (h); h) � f (i; h)
h

i
=

X

k6= i

qik [f 0(k) � f 0(i )] :

Usef (k; h) := pk j (t0 � h) to get Kolmogorov's backward equation for the left-hand deriva-

tiv e.

73. Let hX (t)i be standard Brownian motion, a; b> 0, � 2 R. Let L y be the line through

(0; y) with slope � . Let � y be the �rst time hX (t)i hits L y , i.e.,

� y := min
n

t ;
�
t; X (t)

�
2 L y

o
:

Prove that � a ^ � � b < 1 a.s. and calculate P0[� a < � � b].

74. p. 399,8.1. (Note: X (t) is standard Brownian motion, Y (0) � 0, and you do not need

to show that Y (0+ ) = 0 a.s.)

75. p. 399, 8.2

76. Suppose that X 1; : : : ; X n are random variables. Show that the following conditions

are equivalent:

(a) 8a1; : : : ; an 2 R
P n

k=1 ak X k is a normal random variable;

(b) hX k ; 1 � k � ni has a multiv ariate normal distribution.
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77. Let X ; Y have a bivariate normal distribution.

(a) Calculate the m.g.f. of hX ; Y i .

(b) Calculate the joint density of hX ; Y i .

(c) Show that the density of X given Y = y is normal.

(d) Show that if hX k ; 1 � k � ni has a multiv ariate normal distribution, then the

conditional distribution of hX k ; 1 � k � n � 1i given X n = x is multiv ariate normal.

(e) Show that if hX (t) ; t � 0i is a Gaussian process,then hX (t) ; 0 � t � 1i given

X (1) = A is a Gaussianprocess.

78. p. 402, 8.21

79. Let hX (t)i be a Brownian motion with parameter (�; � 2), where �; � 6= 0, X (0) � 0,

and let a; b> 0. UseExercise78 with c := � 2�=� to show that

E
h

exp
�

� 2�X (Ta ^ T� b)=� 2	 i
= 1 :

Use this to give a new calculation of P(Ta < T� b).

80. Usethe martingale hX (t) � �t i to calculate E [Ta ^ T� b] for a Brownian motion starting

at 0 with �; � 6= 0 and a; b> 0. Show that for standard Brownian motion, E [Ta ^ T� b] = ab.

81. Show that X � Y ( ) 8a P[X � a] � P [Y � a] ( ) X + � Y + and X � � Y � .
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